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Abstract 

This paper provides an introduction to exploded manifolds. The cat- 
egory of exploded manifolds is an extension of the category of smooth 
manifolds with an excellent holomorphic curve theory. Each exploded 
manifold has a tropical part which is a union of convex polytopes glued 
along faces. Exploded manifolds are useful for defining and computing 
Gromov-Witten invariants relative to normal crossing divisors, and using 
tropical curve counts to compute Gromov-Witten invariants. 
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1 Introduction 

The category of exploded manifolds is useful for 



• defining and computing Gromov-Witten invariants relative to normal cross- 
ing divisors, 

• computing Gromov-Witten invariants using normal crossing degenerations 
and degenerations appearing in tropical geometry such as Mikhalkin's 
higher dimensional pair of pants decomposition of projective hypersur- 
faces [TU] . 

• relating 'tropical' curve counts to counts of holomorphic curves in a sig- 
nificantly more general setting than toric manifolds. 

This introductory section sketches how exploded manifolds are useful for 
studying holomorphic curves. The rest of this paper contains an introduction to 
exploded manifolds, including definitions and differential geometric properties. 
DeRham cohomology of exploded manifolds is discussed in [M] and the papers 
[13], [H] and [15] go on to construct Gromov-Witten invariants of exploded 
manifolds. 

The word 'tropical' is in quotes above, because some objects which are called 
tropical in this paper are much more general than what is traditionally studied 
in tropical geometry. (For example, our tropical curves will satisfy a balanc- 
ing condition only when certain topological conditions hold.) Each exploded 
manifold B has a tropical part B, which can be thought of as a collection of 
convex polytopes glued over faces using integral affine maps. The operation of 
taking the tropical part of an exploded manifold is functorial. (This contrasts 
to the common procedure of taking the tropicalization of a subvariety of a torus 
defined over Puiseux series, which is only functorial under monomial maps). 

A second important functor is called the explosion functor. Given a complex 
manifold M with normal crossing divisors, the explosion of M is an exploded 
manifold Expl(M). For example, if M is a toric manifold with its toric divisors, 
the tropical part of ExplM is the toric fan of M. The tropical part of any 
holomorphic curve in Expl M is a tropical curve in Expl M. More generally, if M 
is a complex manifold with a collection iV, of transversely intersecting complex 
codimension 1 submanifolds, then the tropical part of Expl(M) has one vertex 
for each connected component of M, a copy of [0, oo) for each submanifold, a 
face [0, oo)^ for each intersection and an n dimensional quadrant [0, (X))" for each 
rt-fold intersection. (This is sometimes called the dual intersection complex of 
M.) 
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This explosion functor can be viewed as a base change in the language of 
log geometry. Viewing exploded manifolds in the language of log geometry pro- 
vides a link between studying holomorphic curves in the exploded category and 
the program of Gross and Siebert to compute holomorphic curves invariants 
using log geometry and tropical geometry, which is part of their work on mir- 
ror symmetry. (See for example [3].) Inspired by the Strominger-Yau-Zaslow 
conjecture [17j . many other researchers have been exploring the link between 
tropical geometry and mirror symmetry, such as Kontsevich and Soibelman in 
[6j and Fukaya in [3j. 

Exploded manifolds have an excellent holomorphic curve theory. As in the 
smooth setting, holomorphic curves refer to both abstract holomorphic curves 
(which in our case are one complex dimensional complex exploded manifolds), 
and holomorphic maps of abstract holomorphic curves to exploded manifolds 
with an (almost) complex structure. An abstract exploded curve has a smooth 
part which corresponds to a nodal Riemann surface S with punctures, and a 
tropical part which is a metric graph with one vertex for each component, one 
internal edge for each node, and one semi infinite edge for each puncture. It is 
called stable if the nodal Riemann surface E is stable. 
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It turns out that the moduH stack of stable exploded curves with genus g and 
n punctures is equal to the explosion of Deligne Mumford space Expl(A^g^„), 
where Mg^n is viewed as a complex orbifold with normal crossing divisors given 
by the boundary, which consists of the nodal Riemann surfaces. The explosion 
of the forgetful map Expl(7Wg_„_|_i) — > Expl(7Wg „) is actually a smooth family 
in the exploded category which has as the fiber over each point in Expl(7Wg_„) 
the corresponding exploded curve quotiented by its automorphisms. 

The paper |15| proves that the moduli stack of holomorphic curves in an ex- 
ploded manifold also has an exploded structure. In nice cases, the moduli space 
of holomorphic curves is itself an exploded manifold. In the case that holomor- 
phic curves in an exploded manifold are suitably tamed by a symplectic form, 
the moduli space of holomorphic curves is compact, and has a virtual funda- 
mental class, allowing Gromov-Witten invariants to be defined in the exploded 
setting. For example, to define Gromov-Witten invariants of a Kahler mani- 
fold X relative to normal crossing divisors, take the Gromov-Witten invariants 
of the corresponding exploded manifold Expl(X). Sometimes, these relative 
Gromov-Witten invariants can be determined by considering only the tropical 
curves in the tropical part of ExplX. For instance, in the case that X is a toric 
manifold, and we use the toric boundary divisors, work of Mikhalkin, in [llj 
and of Siebert and Nishinou in [12] translates to saying that genus zero relative 
Gromov-Witten invariants can be computed by considering tropical curves in 
ExplX . 

A similar (but less functorial) construction can associate an exploded man- 
ifold to a symplectic manifold with orthogonally intersecting codimension 2 
symplectic submanifolds, allowing Gromov-Witten invariants relative to these 
symplectic submanifolds to be defined. For example, suppose that there existed 
a connected compact symplectic 4-manifold containing 3 orthogonally intersect- 
ing embedded symplectic spheres, which intersect each other once and have 
topological self intersection numbers 1, 1 and 2. Then we could construct an 
exploded manifold X for which the tropical part of holomorphic curves behave 
like the tropical curve in the following picture: 
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A) 

tropical part of 
a holomorphic curve 

In particular, away from the central vertex, the tropical part of holomorphic 
curves in X obey a balancing condition, although when they pass through the 
left pointing edge in the above picture of X, they are deflected to the left. (In 
general, the tropical part of a holomorphic curve in an exploded manifold B is 
always a piecewise linear map of a metric graph into the tropical part of B, but 
it does not always have to satisfy the balancing condition familiar to tropical 
geometers. For example, let M be a CP^ bundle over CP^ with nontrivial Chern 
class and divisor given by the zero section. Then the tropical part of Expl M is 
[0,00), and the tropical part of holomorphic curves in ExplM need not satisfy 
a balancing condition.) 

In our hypothetical exploded manifold X, consider the following enumerative 
problem: count the (virtual) number of rigid holomorphic curves that 

1. pass through a given point in X 

2. have tropical parts which have two seminfinite ends [0,c»), one of which 
is mapped in the direction (0, 1) in the above picture, and one of which is 
mapped in the direction (0, —1) in the above picture. 

The paper [15] proves that this enumerative problem should have as an 
answer a rational number which does not depend on the point through which our 
holomorphic curves are required to pass. If we choose our point to have tropical 
part in the left hand half of X, the balancing condition for tropical curves in X 
implies that there are no holomorphic curve passing through our given point. On 
the other hand, if we choose our point to have tropical part in the right hand 
half of X, the only possible tropical curve satisfying our conditions is drawn 
below, and a simple calculation implies that there is exactly one holomorphic 
curve satisfying our conditions passing through this point. The conclusion to be 
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drawn from this contradictory situation is that there does not exist a compact 
symplectic manifold with embedded symplectic spheres as described above. 



The reader may ask how these Gromov-Witten invariants of exploded man- 
ifolds correspond to Gromov-Witten invariants of smooth manifolds. Each 
smooth manifold can also be considered as an exploded manifold, so instead 
of considering holomorphic curves in a smooth symplectic manifold X, we can 
consider the exploded holomorphic curves. Each exploded manifold B has a 
'smooth part' [B] which is a topological space. The smooth part of an ex- 
ploded holomorphic curve in X is a holomorphic curve in X considered as a 
smooth manifold. The smooth part of the moduli space of exploded curves in 
X is the usual moduli space of holomorphic curves in X. The moduli space 
of exploded curves in X therefore contains all the information present in the 
usual moduli space of holomorphic curves in X, so we may as well work in the 
exploded category for computing Gromov-Witten invariants. This has the ad- 
vantage that many degenerations which look nasty from the smooth perspective 
turn out to be smooth families in the exploded category. 

For example, applying the explosion functor to a normal crossings degen- 
eration gives a smooth family of exploded manifolds. As shown in [15], holo- 
morphic curve invariants such as Gromov-Witten invariants do not change in 
connected families of exploded manifolds, so the Gromov-Witten invariants can 
be computed in any fiber of the resulting family. In particular, suppose that 
a normal crossing degeneration has a singular fiber which is a union of pieces 
Xi. The Gromov-Witten invariants of a smooth fiber can then be computed 
using the Gromov-Witten invariants of an exploded manifold X corresponding 
to this singular fiber, the computation of which involves tropical curve counts 
in the tropical part of X coupled with relative Gromov-Witten invariants of the 
pieces Xi. If these pieces are simple, then this can simplify the computation of 
Gromov-Witten invariants considerably. 
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As a concrete example, consider the 3 complex dimensional toric manifold 
with moment map the polytope defined by the equations 

Xi < 1, X2 < 1; —xi — a;2 < 2, x^ — xi ^ X2 < 0, x^ — X2 < 0, ^3 < 




The corresponding toric fan is dual to the 
above polytope, and has edges which are the span of the vectors (1, 0, 0), (0, 1, 0), 
(—1,-1,0), (—1,-1,1), (0,-1,1) and (0,0,1). The corresponding toric mani- 
fold can be considered as a partial compactification of (C*)^ where the following 
sets of functions extend to C'^ coordinate charts 

(^1,^2,^3), (Z1,Z^^Z^^,Z^^Z3), (z2,Zj"^Z^\zf ^22^^23) 
(ZI,Z2^Z3,Z3), (Z2, 2^^22^^23,2:3), (2f^22'\2f ^23^^23, 22^^23) 

and (2^^22^^23,22^^23,23) 

(Each of these coordinate charts corresponds to a vertex in the above polytope, 
and each coordinate function above corresponds to a face.) Consider the map 23 
from our toric manifold to C. This map 23 can be considered as a normal crossing 
degeneration. The fiber over any point in C— is equal to CP^, but the fiber over 
is singular, and consists of the three toric boundary divisors corresponding to 
the top faces of the above polytope. (Each is isomorphic to CP^ blown up at one 
point.) Consider this toric manifold as a complex manifold with transversely 
intersecting complex submanifolds given by the toric boundary divisors of the 
top faces X3 — 0, X3 — xi +X2 and X3 = X2, and call the corresponding exploded 
manifold X. Similarly, we can consider C as a complex manifold with the divisor 
0. The explosion of the map 23 is a smooth family of exploded manifolds 

Expl23 : X — > Expl(C,0) 

The tropical part of X can be identified with the positive span of (—1, —1, 1), 
(0,-1,1) and (0,0,1), and the tropical part of Expl23 can be identified with 
projection to the third coordinate. 
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There are now a large nuraber of exploded manifolds in this family that 
correspond to the singular fiber of our original degeneration, the following is a 
picture of the tropical part of one of these exploded manifolds with the tropical 
part of a holoniorphic curve. 




In this case, the number of holomorphic curves in the above exploded mani- 
fold passing through a given number of points can be calculated using Mikhalkin's 
tropical methods from W, by choosing the points to have tropical parts that 
appear in the interior of the above triangle in 'tropical general position'. 

An example of a degeneration 'breaking a manifold into simple pieces' is 
given by Mikhalkin's higher dimensional pair of pants decomposition of pro- 
jective hypersurfaces from [10 . An exploded version of this construction is 
discussed in example |10.11| beginning on page |58| In particular, given any n 
dimensional projective hypersurface X which intersects the toric boundary of 



8 



nicely, one can take the intersection of X with the boundary of CP""'""'^ 
to be a normal crossing divisor of X. Then there is a connected family of ex- 
ploded manifolds containing both ExplX and an exploded manifold X' which 
has as its tropical part the n dimensional balanced polyhedral complex which 
appears as the base of Mikhalkin's singular fibration from [TD] , and which has 
a smooth part a union of 'higer dimensional pairs of pants', which are copies of 
CP" with normal crossing divisors given by n-|-2 hyperplanes. Thus to compute 
the relative Gromov-Witten invariants of X, one can compute the corresponding 
invariants of X'. A similar construction gives a connected family of exploded 
manifolds containing both X and an exploded manifold with tropical part a 
truncated version of the tropical part of X'. 

For an analytic perspective on degenerations that can be treated nicely in 
the exploded category, consider the following example. Think of the following 
picture as the image of some smooth map from a symplectic manifold to K^. 



Assume that in the regions pictured above, the Hamiltonian flow generated 
by the specified function on is a free circle action, and that in the central 
triangle, the two coordinate functions generate commuting free circle actions. 
From this point on, we shall describe a family of almost complex manifolds, 
forgetting the original symplectic structure. (The symplectic form is necessary 
to tame holomorphic curves in the family we shall construct, but we shall not 
say more about it in this example.) It is possible to choose an almost complex 
structure J on our symplectic manifold so that the symplectic form is positive 
on holomorphic tangent planes, and so that J is preserved by the circle actions 
in the regions where they are defined, and so that J also has the symmetry 
specified in the picture below. 



free T action 

generated by xi — X2 here 



free Hamiltonian 
T action generated 
by X2 here 




free action 
generated by 
{xi,X2) here 



free T action 
generated by xi here 
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symmetry in J 
in these directions 

In particular, it is possible to identify the region labeled A above with TV x 
[0, 1] where N isa manifold with boundary, xi is the coordinate on [0, 1], and the 
circle action is independent of Xi. In this region, we may choose J to send the 
vector field generating the circle action to , and require that J is independent 
of Xi and preserved by the circle action. We may specify J similarly in the other 
regions with circle actions - choosing J independent of both Xi and X2 in the 
central triangle region which can be identified with some manifold M times a 
triangle in ^ith vertices (0,0), (1,0) and (0, 1). 

We are now ready to describe a family of almost complex manifolds for t G 
(0, 1]. We may replace the region A with N x [0, |], extending J symmetrically, 
replace the other regions with circle actions by similarly stretched regions, and 
replace the central triangle region with M times a triangle with vertices (0,0), 
(i,0) and (0, j), again extending J synmietrically. We may depict this by 
stretching in all the directions pictured in which J has symmetry. 
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The following is a picture of the image of a holomorphic curve in a member 
of our family with t ~ ^ . The picture has been rescaled by a factor of about 
5t. 




The important point here is as follows: Consider the image of a holomorphic 
curve in the picture which has been rescaled by a factor of t for very small t. 
The pieces of a holomorphic curve which look large will approximate a special 
type of holomorphic cylinder which is preserved by one of our circle actions. The 
projection of this cylinder to our picture is simply a line with integral slope. In 
the limit t ^ 0, the image of holomorphic curves in the picture rescaled by t 
will look piecewise linear. 
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For extremely small t, the image of a holomorphic curve in the picture 
rescaled by a factor of about 5t will look something like this: 




Note that it is unreasonable to expect that the rescaled image as i — ?> 
will in general contain all the information necessary to reconstruct holomorphic 
curve invariants. We must also somehow keep track of information which is on a 
smaller scale as t — >■ 0. This is one striking feature that exploded manifolds have. 
Exploded manifolds have multiple topologies; the tropical part of an exploded 
manifold could in some sense be thought of as the large scale of the exploded 
manifold. 

The above family of almost complex manifolds fit into a smooth connected 
family of exploded manifolds, one of which has a tropical part which looks like 
the above rescaled picture. (The example containing CP^ discussed earlier is 
a concrete example of such a family of exploded manifolds.) This family of 
exploded manifolds can be thought of as representing a symplectic triple sum. 
If we think of this family as 'stretching over a triangle', then there are analogous 
families of exploded manifolds 'stretching over' any compact convex polytope 
with integer vertices. 

For example, the usual symplectic sum can be represented by a family of 
exploded manifolds 'stretching over' an interval, and containing an exploded 
manifold that can be represented pictorially as follows: 




This case of a family representing a symplectic sum has been studied by 
Eliashberg Givental and Hofer in |T], lonel and Parker in [B, , Jun Li in [5], 
and Ruan and A. Li in [7J. In each of these cases, the researchers did not 
need knowledge of the large scale to describe the limiting problem of finding 
holomorphic curves. The relationship between the moduli spaces considered by 
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the above researchers and the exploded moduh space is as follows: Consider the 
schematic diagram above in which the large scale or tropical part of our exploded 
manifold is represented as an interval, and the pictures above it represent what 
is seen of a holomorphic curve in the small scale at different places. All but 
a finite number of those small scale pieces will have holomorphic curves with 
translational symmetry in the left right direction, such as depicted in the second 
picture from the left. The remaining interesting pieces have an order to them. 
The above researchers record these interesting pieces, along with the order in 
which they come, and also consider two different pieces of holomorphic curve in 
the middle to be equivalent if they differ by a C* or E* action (in [5], [5], [7], there 
is a C* action, but in [T] there is only an K* action.) Approaching holomorphic 
curve from the exploded category can be thought of as a generalization of the 
above researcher's work to the case of stretching in multiple directions. 

2 Tropical semiring and exploded semiring 

We shall need the following semirings to describe coordinates on exploded man- 
ifolds. 

The tropical semiring is a semiring t* which is equal to M with 'multiplica- 
tion' being the operation of usual addition and 'addition' being the operation 
of taking a minimum. We will write elements of t"^ as where a; G K. Then we 
can write the operations as follows 

+ ■= t™'"^'^'^'^ 

i"'^ can be thought of as something which is infinitesimally small, so use the 
following order on t*: 

> when X < y 

Given a ring R, the exploded semiring i?t* consists of elements ct^ with 
c £ R and x e E. Multiplication and addition are as follows: 

{cit^ ii X < y 
(ci + C2)t^ ifx^y 
C2F if x>y 

It is easily checked that addition and multiplication are associative and obey 
the usual distributive rule. The reader familiar with Puiseaux series will notice 
that i?t* may be viewed as arising from taking the leading term of Puiseaux 
series with coefficients in R. We will mainly be interested in Ct"^ and Ei*. 

There are semiring homomorphisms 

defined by 

i(c) := ct" 
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The homomorphism ^ : Rt — > i is especially important. We shall call = 
the tropical part of ct^. There will be an analogous tropical part of exploded 
manifolds which can be thought of as the large scale. 

Define the positive exploded semiring Rt^ to be the sub semiring of i?t" 
consisting of elements of the form ct^ where 2; > 0. There is a semiring homo- 
morphism 

r-1 : i?t«+ R 

given by 




c if X = 
if .T > 



Call \cf~\ the smooth part of ci^. Note that this smooth part homomorphism 
can be thought of as setting = 0, which is intuitive when is thought of as 
infinitesimally small. 

We shall use the following order on (0, oo)t*, which again is intuitive if is 
thought of as being infinitesimally small and positive: 

xii^^ < X2t^^ whenever yi > j/2 or yi = y2 and Xi < X2 

3 Exploded manifolds 

A smooth manifold can be regarded as a topological space with a sheaf of smooth 
real valued functions. Similarly, an exploded manifold can be regarded as a 
(maybe non Hausdorff) topological space with a sheaf of C*t^ valued functions. 
The following definition of abstract exploded spaces is far too general, but it 
allows us to talk about local models for exploded manifolds as abstract exploded 
spaces without giving too many definitions beforehand. Think of this as anal- 
ogous to introducing manifolds by making a definition of an 'abstract smooth 
space' as a topological space with a sheaf of real valued fimctions. then taking 
about M" with its sheaf of smooth functions as an abstract smooth space, then 
defining a manifold as an abstract smooth space locally modeled on K". 

Definition 3.1 (Abstract exploded space). An abstract exploded space B con- 
sists the following: 

1. A (possibly non-Hausdorff) topological space B. 

2. A sheaf of Abelian groups on this topological space f ^(B) called the sheaf 
of exploded functions on B so that: 

(a) Each element f G £^{U) is a map 

f :U — > C*t^ 

(h) Multiplication is given by pointwise multiplication in C*i^. 

(c) £^{U) includes the constant functions if U 7^ 0. 

(d) Restriction maps are given by restriction of functions. 
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Definition 3.2 (Morphism of abstract exploded spaces). A morphism f : B — > 
C of abstract exploded spaces is a continuous map 

so that f preserves £^ in the sense that if g G £^ ([/), then fog is in£^ {f~^{U)) 

f*9:^fogeE^ {f-\U)) 

It may occur to the reader that from the perspective of differential geometry, 
using (0, oo) C M instead of C* would be a more natural choice for extending 
the category of smooth manifolds. The choice of C* is used so that holomorphic 
curve theory works out easily in the category of exploded manifolds. Making 
the same definitions but replacing C* with (0, oo) and C with [0, oo) would give 
an interesting category worthy of study. 

The next sequence of examples will give us local models for exploded mani- 
folds. 

Example 3.3 (Smooth Manifold). 

Any smooth manifold M can be considered as an abstract exploded space 
as follows: the toplogical space is just M with the usual topology, and the sheaf 

(M) consists of all functions of the form ft" where / G C°°(M, C*) and a is 
a locally constant M valued function. 

The reader should convince themselves that this is just a different way of 
encoding the usual data of a smooth manifold, and that a morphism between 
smooth manifolds regarded as abstract exploded spaces is simply a smooth map. 
This makes the category of smooth manifolds a full subcategory of the category 
abstract exploded spaces. 

The reader should check that a point considered as an exploded manifold is 
a final object in the category of abstract exploded spaces: given any abstract 
exploded space B, and a point p, there exists a unique map B — >■ p. 

Example |3.3| should be considered as a 'completely smooth' exploded mani- 
fold. At the other extreme, we have the following 'completely tropical' exploded 
manifold. 

Example 3.4 (T"). 

The exploded manifold T" is best described using coordinates (zi, . . . ,z„) 
where each 5, G £^(T"). The set T" is identified with (C*i")" by prescribing 
the values of (zi, . . . , z„) in (C*t'*)"', and given the trivial topology in which the 
only open subsets are the empty set and the entire set. We shall regard T" as 
being n complex dimensional, or 2n real dimensional. 

Exploded functions / G £^(T"') can be written in these coordinates as 

/ := ci'~z°' ci^W ' 
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where c € C*, y € K and a € Z" arc all constant. The above function / takes 
values as follows: if a point p G T" has coordinates (ciP\ . . . ,Cni^"), then / 
takes the value f{p) = cF Y[ c"H"'^* on p. 

The exploded manifold T" has a 'large scale' or 'tropical part' which is 
t* (given the usual topology and integral afiine structure on M"), which can 
be regarded as giving another, (non Hausdorff) topology on the set of points in 
T" . There is a map p^ p from the set of points in T" to T^^ which is given in 
coordinates by 

(gi,...,g„) = (ji,..., j^) or (cit°S...,c„t°") = (t°S...,t°") 
Note that there is a (C*)" worth of points p — ¥ T" over every point p G T" . 

Before continuing, the reader should be able to verify the following observa- 
tions: 

1. A morphism from T" to a smooth manifold is simply given by a constant 

map [T"] — > M. 

2. A morphism from a connected smooth manifold M to T" has the informa- 
tion of a map / from M to a point p € and a smooth map / from M to 
the (C*)" worth of points over p. The map / is determined by specifying 
the n exploded functions 

r(20ef^ (M) 



Note in particular that £^ (M) is equal to the sheaf of smooth morphisms 
of M to T. This is true in general. A smooth morphism / : B — > T" from 
any abstract exploded space B is equivalent to the choice of n exploded 
functions in £^ (B) corresponding to f*{zi). 

The following special case is worth emphasizing: Given any abstract ex- 
ploded space B, the sheaf f ^ (B) can be identified with the sheaf of mor- 
phisms to T. Think of this as analogous the sheaf of smooth functions on 
a manifold being identified as the sheaf of smooth maps to K. 

A morphism / : T" — T is given by an exploded function / = ci^z". 
This induces an integral affine map called the tropical part of /. 

^^xi ^y+xiai-\ \-Xna„ 



Now, a hybrid object, part 'smooth', part 'tropical'. 

Example 3.5 (Tj). 

The exploded manifold Tjg := T} is more complicated. We shall describe 
this using the coordinate z G £^(T\). The set of points p G T} is identified 
with C*t* by specifying the value of z{p) G C*t^ . 
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Recall the following smooth part homomorphism 




if X > 
c if a; = 

The above map gives a map from the set of points p G to C. Pulling back 
the usual topology on C defines the topology on T}. We shall refer to C as the 
smooth part of Tj, and use the notation [T}] = C. 
We can write any exploded function h € £^ ('^i) ^ 

h{2) = for / e C°°(C,C*), and y G M,a e Z locally constant. 

The tropical part or large scale of is T} = ^ and the map from the 
set of points C*t"^^ in T} to T} is given by 




This exploded manifold Tj should be thought of as follows: Over £ 
T\, there is a copy of C* which should be considered as a manifold with an 
asymptotically cylindrical end at 0, drawn on the left hand side above with this 
cylindrical end pointing right. Each copy of C* over t° G T} where a > should 
be thought of as some 'cylinder at infinity'. Note that even though there is a 
(0, oo) worth of two dimensional cylinders involved in this exploded manifold, 
it should still be thought of being two dimensional. This strange feature is 
essential for the exploded category to have a good holomorphic curve theory. 
(Actually, we could just as easily had a worth of cylinders at infinity, and 
worked over the semiring Cfi instead of Ct*, but this author prefers the real 
numbers.) 

The exploded manifold Tj is a kind of hybrid of the last two examples. 
Restricting to an open set contained inside {z — i'^} C we get part of a 
smooth manifold. Restricting to a subset contained inside {\z~\ = 0} C Tj, we 
get part of T. 

We can define ~^£^ (B) to consist of all functions in f ^ (B) which take values 
only in C*!"*^. Note that a smooth morphism / : B — > T} from any exploded 
manifold B described in examples so far is given by a choice of exploded function 
f*{z) G (B). This will be true for exploded manifolds in general. 
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Example 3.6 (A holomorphic curve in T^). 

The following is an example of a holomorphic curve in T^. Consider the 
subset of where zi+Z2 + leOt^. 

In the region where zi and Z2 are less than 1 = t", then zi + Z2 + 1 = 1, so 
there are no solutions in this region. There are also no solutions where zi > z^ 
and zi > t° because in this region zi + Z2 + 1 — zi, which only takes values in 
C*t*. Similarly, there are no solutions where Z2 > z\ and Z2 > t°, because in 
this region zi + Z2 + 1 = ^2 • 

Below is a picture of the tropical part of with labels indicating simplifi- 
cations of zi + Z2 + 1 in various regions. 




Zl + Z2 



The tropical part of the subset where zi + Z2 + 1 € Ot^ is the black tropical 
curve drawn above, which coincides with the subset where the tropical parts of 
at least two terms of zi + Z2 + 1 coincide. This subset where zi + Z2 + 1 G Ot* 
is actually a holomorphic curve inside . We can parametrize this curve using 
the following 3 coordinate charts modeled on Tj \ {1}: 

: T} \ {1} 

(i^ii"^) = {-w, \w^ - 1) 

4'2{w) = {\w'] - 1, -W) 
03(w) = {-W^'^,W^'^ - 1) 

The tropical part of the image of 0i is the line pointing right in the above 
picture, the tropical part of 02 is the line pointing up, and the line pointing left 
and down is the image of the tropical part of 03 . 
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A similar example is considered on page |48| 

The isomorphism type of a coordinate chart on a smooth manifold only 
depends on dimension. The isomorphism type of a coordinate chart on an ex- 
ploded manifold is determined by the dimension and an integral affine polytope. 
Below we define some integral affine notions. 

Definition 3.7 (Integral affine). An integral affine map — > is a map 

of the form 

where M is an integer n x m matrix and y G M™ . 

An integral affine polytope Pet* is a convex polytope with nonempty 
interior and faces of rational slopes, defined by some finite set of inequalities: 

P := {i^ e t"*" so that t"'+^-°' < ^a,,+^.a*' ^ 

where G M and a* G Z™. 

Integral affine polytopes form a category with morphisms being integral affine 
maps between polytopes. 

Call Pet* complete if P d ^ is complete when given the usual Eu- 
clidean metric on M™ (ie. no strict inequalities are used to define P.) Call 
Pet* open if it can be defined using only strict inequalities. 

Example 3.8 (T^). 

Given an integral affine polytope P C t* , define the abstract exploded 
space Tp as follows: 

The set of points in T™ is equal to the set of points p G T™ so that p E P C 
T™ . The coordinates zi, . . . ,Zm ■ T™ — > C*t* then restrict to give coordinate 
functions 

^1 1 ■ • • J ■ -■- p ' ^ t 

SO in coordinates, the set of points in T™ C T™ is equal to 

{(cit^i , . . . , c^t^" ) so that Q G C* and (t^^ , . . . , t^"' ) ^ P} 

Consider the collection of exploded functions C t"z" on T™ so that on T™ C 
T™, C ^ t"- Choose some finite generating set {Ci, . . . , C„} of these functions so 
that any other function ( of this type can be written as ^ = t"Cf ^ ' ' ' Cn" where 
Pi eN and a > 0. Recalling that [ct^] = if x > and [ci"] = c, define the 
functions Q := \Ci] ■ T™ — !■ C. Then consider the following map 

(rCil,...,rCnl) := (Ci,-.-,Cn) :T?,' -^C" 

Give Tp the topology which is the puUback of the usual topology on C" under 
the above map (Ci, . . . , C„), and call the image of this map the smooth part of 
T^, written as [T^] C C". The sheaf of exploded functions on can then 
be described as functions of the form /(Ci, • • ■ , Cn)i'^z°', where / : C" — > C* is 
smooth and a G M and a G are locally constant. (This topology and sheaf of 
exploded functions is independent of the choice of generating set {(i, . . . , Cn}-) 
Naturally, the tropical part of Tp is given by 

T^' = P = {(fi,...,l^)}ct*'" 
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Simple examples of the above construction arc Tg which is equal to T and 
'^[0 oo) 'which is equal T}. (Strictly speaking, wc should be writing T^p ,^), as 
the above confuses the interval [0, oo) C M with t^°^°^^ C t"*.) 

Remark 3.9. 

TJJ := Tjjjj^^„ should be understood as an n-fold product of T\. If the 
polytope P contains no entire lines, a good way to describe Tp is as a subset 
of TJJ. In particular, the monomials {Ci, • • • , Cn} give an injective map 

(Ci,...,Cn):T^^T;j 

so that any exploded function on Tp may be described as the pullback of some 
exploded function on T". Wc may therefore think of T™ as a subset of T}. 
This subset is described by the monomial relations between the Q, which may 
be written in a finite number of equations of the form 

so in the case that P contains no entire lines, we may consider Tp as a subset of 
T" described by setting some monomials equal to t". Similarly, if P is times 
a polytope that contains no lines, we may consider Tp as a subset of T" x T" 
defined by setting some monomials equal to i". 

Note also that the smooth part of Tp may be regarded as the subset of C" 
(which is the smooth part of T") defined by setting the same monomials equal 
to [f^], with (i := as variables in place of 

The functions Ci '■= \Ci\ above which generate the smooth functions will 
come up often, so make the following definition. 

Definition 3.10 (Basis of smooth monomials). The smooth monomials on Tp 
are the functions C of the form [ct"5"] . A set {^i, • • • , Cn} of smooth monomials 

is a basis for the smooth monomials on T™ if every smooth monomial on Tp 
can be written as some product of nonnegative powers of the Q times a complex 
number. 

We can construct M.'' x T^ similarly to T^. This has coordinates {x,z) G 
]^fc ^ rpm^ ^^^^ ^j^g product topology. Similarly, the smooth part [R'^ x Tp] is 
the product M*^ x [Tp] . The exploded manifold M" x Tp has exploded functions 
equal to functions of the form f{x,\Ci],..., )i"z", where / : M'^ x C" — > C* 
is smooth and a € M and a G are locally constant. The tropical part 
M" X T™ is equal to P, with {x,z) =z€ P. The real dimension of M'^ x T™ is 
considered to be fc + 2m. 

Example 3.11 (A nontrivial example of Tp). 
Let P C t*' be defined by 

P := {t^^'V) so that x > and a; + 2y > 0} 
A basis for smooth monomials on Tp is given by 

Ci = r^ii, C2 = r^i^i], Cs = [^122] 
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The smooth part [Tp] of Tp is the image of the map 

(Ci,C2,C3):T|,^C=^ 
which is equal to the subset of where C1C2 = Cl- 

Example 3.12 (T|o;]). 

Let P = t[°''] C t"'. We shall use the notation T[g for T],. In this case a 
basis for the smooth monomials on TJq ;j is given by = \z\ and C2 = ft'^"^]. 
Any smooth morphism / : Tjq — > M is equal to g{C,\,C,2) for some smooth 
function g : — > JR. The two functions (i and C2 satisfy the relation (^1(2 = 
0, so [Tj-j, ;]] is the union of the two coordinate planes in C^, which can be 
considered as two copies of C glued over 0. The function / is also equivalent 
to the choice of two smooth functions /i : C — > R, /2 : C — > R so that 
/i (0) = /2 (0) • The equivalence is given by 

'/i(Ci)ifi = t° 
/(5)= </i(0) = /2(0) ifiO>5>t' 
,/2(C2) ifl = t' 

The three different possibilities above correspond to three different 'strata' 
of jj where \z\ is in t", t*^"''^ or i'. The ability to solve problems such 
as differential equations on exploded manifolds strata by strata is part of the 
usefulness of the exploded category, as complicated problems can be broken into 
simple pieces. 

Before continuing, the reader should be able to do the following easy exer- 
cises: 

1. A morphism M" x T™ — > Tq is equivalent to the choice of k exploded 
functions /i, . . . , /fc e f ^ (M" x T^) so that 

{h,---,fk) e Q 

2. A morphism Tp — > M.'^ is equivalent to a choice of continuous map 
/ : Tp — > M.'^ so that there exists some smooth map 



SO that 



f = fiCl,---,Cn 



3. Any morphism / : M" x Tp — > M*^ x Tq induces an integral affine map 
/ : P — > Q so that the following diagram commutes 

M" X T™ -h M'= X T^ 
P ^ Q 
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4. Tp is isomorphic as an abstract exploded space to Tg if and only if P is 
isomorphic as an integral affine polytope to Q. 

5. Any morphism / : M" x T™ — !• M'^ x Tq induces a continuous map 
[/] : [M" X T'^] — > \R'' X T^] so that the following diagram commutes 

M" X 

; 

[M" X T^] 

Definition 3.13 (Exploded manifold). A smooth exploded manifold B is an 
abstract exploded space locally isomorphic to M" x T™ . In other words, for all 
p e B there exists some open neighborhood U of p and some M" x T™ so that 
U is isomorphic as an abstract exploded space to M" x T™. 

A smooth map A — > B of exploded manifolds is a morphism A — > B of 
abstract exploded spaces. 

Lemma |A.1| on page [63] proves that the above definition is equivalent to 
defining an exploded manifold as an abstract exploded space locally isomorphic 
to open subsets of M" x T™ . 

Definition 3.14 (Smooth part). The smooth part [B] of a smooth exploded 
manifold is the HausdorjJ topological space which is the quotient of the topological 
space [B] by the equivalence relation p ^ q if every open subset of [B] which 
contains p contains q. (The fact that this relation is symmetric follows from the 
fact that [B] is locally isomorphic to M" x T™ .J 

It should be clear that [•] gives a functor from the category of smooth 
exploded manifolds to the category of Hausdorff topological spaces, and that 
the smooth part of coordinate charts described earlier agrees with the above 
definition. 

A compact exploded manifold B is an exploded manifold for which [B] is 
compact. A stronger notion which agrees better with the notion of compactness 
for smooth manifolds is given below: 

Definition 3.15 (Complete). An exploded manifold B is complete if [B] is 
compact, and every smooth map of T^q j-j into B extends to a smooth map of 
%A znto B. 

A map f : B — > C is proper if \ f~\ : [B] — > \C~\ is proper. A map 
f : B — > C is complete if it is proper and every smooth map 7 : Tj^ — > B 
extends to a smooth map TJq — > B if and only if f o J extends to a smooth 

For example, T is complete, and any compact manifold is complete when 
thought of as an exploded manifold. The inclusion Tj^ into Tjg is an 
example of a map which is proper but not complete. An equivalent condition for 
an exploded manifold to be complete is that it is compact and locally isomorphic 
to M" X Tp where the polytope P C M" is closed, (and hence complete when 



r/i 



M'' X TJj 

; 

X T^] 
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M™ is given the standard metric). The second property of completeness can 
always be tested locally by looking at the tropical part of a coordinate chart or 
map. For a map / : M" x — > K"' x T^', this second property holds if and 
only if the inverse image under the tropical part of / of any complete subset of 
Q is a complete subset of P. 



4 Stratified structure 

Definition 4.1 (Faces and strata of polytopes). A face F of an integral affine 
polytope P is a subset of P which is defined by an equation 

F : {i^ G P so that x ■ a is minimal} 

A strata S of an integral affine polytope P is a subset of P which is equal to 
a face of P minus all proper subfaces. This can also be thought of as the interior 
of a face of P. 

For example under this definition, the faces of a triangle are the entire tri- 
angle, the closure of each edge and each vertex. The strata of a triangle consist 
of the interior of the triangle, the interior of each edge and each vertex. 

Lemma 4.2. // / : M"' x T^,' — )■ K" x is an isomorphism onto an open 
subset, then f : P' — > P is an isomorphism of P' onto a face of P. 

Proof: 

Let U be an open subset of R" x Tp, and let U be the image of U in P. 
We shall show that ?7 is a union of faces of P. It will follow from this that the 
image of / must be a face of P. 

First consider the case of an open subset of ^j. Any open subset of Tjg ^ 
is of the form 

{{\~z],\i^~z-'])eU'} 

for some open subset U' C C^. Therefore, if U contains some point where 
z e t(°''), then (0, 0) € U' , so all points where z e t^^'^' are in U. Also, for some 
e > 0, (0, e) and (e, 0) are in [/', so the points where z = el" and z = ^t' are in 
U, so C/ = t[0''l. 

Now in the general case, given any point p G U with coordinates 
{x, cit"S ■ • ■ ) Cmt""), suppose that 

7: [0,«] -^P 

is any integral affine map so that there is some point to € (0, 1) for which j{to) = 
p. Then we can construct a corresponding smooth map 7 : TjQ — > M" x Tp 
with tropical part 7 so that 7(11*") = p as follows: 

if 7(t) = V + tw 

define 7(5) = (x, Cit^^z"'! ..... c^r-^^'-) 

Therefore, as ^~^{U) is an open subset of Tjg ^j, 7^^(?7) is the entire interval 
[0, l\. Therefore, if C/ contains a point p on the interior of some interval in P, U_ 
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contains the entire interval. It follows that if |7 contains a point p on a face of 
P, then U contains the entire face. Therefore C/ is a union of faces of P. If U is 
isomorphic to K" x Tp, , it follows that U is isomorphic to P' . The only way 
for a union of faces of P to be isomorphic to a polytopc P' is to be a single face 
of P. 

□ 

Definition 4.3 (Strata). A strata o/M" x T™ is a subset 

M" X {p e M" X T'^' so that peScP} 

where S is a strata of P. 

A strata of an exploded manifold H is a subset of B which is an equivalence 
class of the following equivalence relation: Say that p and p' are in the same 
strata of B if there exist a finite sequence of points po — p,pi, . . . ,Pn ^ p' G B 
and neighborhoods Pi, pi-i S Ui isomorphic to M" x T™ so that pi andpi^i are 
in the same strata of Ui for i = 1, . . . n. 



Observe that Lemma 4.2 implies that the strata of E" x Tp considered as 
an exploded manifold are the same as the strata described in the initial part of 
the above definition. 

At this point we should use Lemma |A.1| from page [63] which states that 
any open subset J7 C B of an exploded manifold is an exploded manifold. In 
particular, given any point p € U, there exists an open neighborhood U' of p 
contained inside U which is isomorphic to x T™ . 

Lemma [472] together with Lemma [A . 1 1 implies that all points in a given strata 
are contained in coordinate charts of the form M" x T™ , where P, n and m are 
fixed. The points in these coordinate charts which are in this strata correspond 
to M" X T^o C M" X where P° C P is the interior strata of P. Therefore, 
each strata B; of B is a connected exploded manifold locally isomorphic to 
M" X Tpo, where P° is a fixed open integral affine polytope. As the smooth 
part of X Tpo is M", the smooth part [B.^] of the strata B^ is a connected 
n dimensional smooth manifold. 

Consider the strata Tpo of T™ corresponding to the interior of P. This is 
a closed subset of T™ which corresponds to a single point in [T™ ] . As the 
tropical part of any open subset of Tp is a union of faces of P, the closure of 
any strata of [Tp ] contains this point [Tpo ] , and the closure of any strata of 
Tp contains T™^ . In general, if S' is a strata of P, the closure of T™ is equal to 
the union of T^*, for all strata S" whose closure contains S (so closure in [Tp] 
and Tp goes the opposite direction to closure in Tp = P.) This property 
is analogous to the fact that the strict inequality w; < t° is equivalent to the 
equation \w~\ = 0, and the inequality \w~\ 7^ is equivalent to w — i'^. 

Therefore, the closure of each strata B^ in B is a union of strata. This makes 
the smooth part [B] of B a stratified space, with each strata a smooth manifold, 
and the closure of each strata a union of manifolds with even codimension. 



Now consider the tropical part of the stratified structure of B. Each strata 
Bi is locally isomorphic to M" x Tpo and a neighborhood of B^ in B is locally 
isomorphic to M" x Tp for some fixed polytope P with interior P° . The map 
Bi — > [Bi] is a Tpo bundle over the manifold [B^] , and a neighborhood of B^ 
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is isomorphic to a Tp bundle over [B^] . (This last fact may be proved using 
equivariant coordinate charts constructed in |13j.) 

We can therefore associate to a flat integral affine P-bundle [B^] xi P 
over the manifold [B^] . Monodromy around any loop in [B^] gives an auto- 
morphism of P. (We shall later restrict to the case that B is basic, in which 
case this monodromy will always be trivial.) As monodromy around a loop in 
a single coordinate chart is always trivial, choosing a base point in [B^] gives a 
homomorphism from the fundamental group of the closure of [B^] to the group 
of automorphisms of P. If Bj is in the closure of B^, then any choice of path 
from a base point in [B^] to a base point in B^ gives an identification of P as 
a face of the polytope associated with Bj. Again, in the case that B is basic, 
this identification will not depend on the path chosen. 

Definition 4.4 (Tropical structure). The tropical structure o/B is a category 
Bt with a functor V to the category of integral affine polytopes so that 

1. The objects in By correspond to points in [B] . 

2. The morphisms from p to q in By correspond to homotopy classes of 
continuous paths 7 from p to q in [B] so that if s > t, 7(5) is contained in 
the closure of the strata of [B] containing "f{t). Composition of morphisms 
in Bt corresponds to composition of homotopy classes of paths. 

3. V{p) is the integral affine polygon associated to the strata containing p, 
andV{'y) is the inclusion discussed above given by parallel transport along 
7- 

Definition 4.5 (tropical part). The tropical part B of an exploded manifold B 
is a stratified topological space in which each strata is given the structure of the 
quotient of an integral affine polytope by some automorphisms. 

As a topological space, the tropical part of B is defined as the quotient of 
the disjoint union of all P G 7'(Bt) by all the inclusions P — > Q in V(Bt)- 
Each strata B^ o/B corresponds to a strata o/B equal to the image in B of the 
interior of any polytope in V(Bi). 

Note that the topologies on [B] and B are in some sense dual: The closure 
of [Bi] C [B] contains [Bj] if and only if the closure of Bj C B contains B^. 

The construction of By is functorial: any map / : B — > C induces a functor 
fr ■ Bt — > Ct and for every object x of Bt, a map Vf : 'P(x) — > V{fTx) so 
that the following diagram commutes 

V{x) ^ ny) 
iVf iVf 

VifTx) Vifry) 

In particular, an object x of Bt corresponds to a point x G [B] , and fxx 
corresponds to the point [/(a:)] G [C]. We may choose a coordinate chart 
containing x with tropical part V{x) and a coordinate containing [/(x)] with 
tropical part V{fTx). Then the tropical part of our map in coordinates is the 
map Vf : Vix) — > V{fTx). Call /t and Vf the tropical structure of /. 

The construction of B is also functorial. Given a map / : B — !• C, our 
maps V f give a continuous map / : B — > C called the tropical part of /. 
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The following is a case when the tropical part B is simply a union of poly- 
topes glued along faces. 

Definition 4.6 (Basic). The exploded manifold B is basic if there is at most 
one morphism between any two poly topes in 7'(Bt)- 

Making the assumption that B is basic very often simplifies combinatorial 
aspects of an argument. All examples of exploded manifolds discussed so far 

have been basic. 

Observe that if B is basic and every polytope in ^(Bt') is a Delzant polytope 
(in other words it is locally isomorphic as an integral affine space to an open 
subset of the integral affine space [0, oo)"*), the closure of each strata of \B] is 
a manifold. 

One example of an exploded manifold which is not basic is the exploded 

manifold constructed by taking the quotient of K x T by the action {x,z 
{x + l,t^z). This exploded manifold has a single strata. The smooth part of this 
exploded manifold is a circle, the tropical structure has nontrivial monodromy 
around this circle, so this exploded manifold is not basic. A second example is 
given by gluing T^g ^ to itself via the map z i-^ t^z~^. This exploded manifold 
has two strata - one strata with tropical part a point and smooth part a two 
punctured sphere, one with tropical part an interval, and smooth part a point. 
There are two different inclusions of the tropical part of the first strata into the 
interval [0, 1] associated with the second strata so this exploded manifold is not 
basic. 




smooth part tropical part 

The following is an example which is a model for a neighborhood of a strata 
with smooth part M and tropical part P in a basic exploded manifold: 

Example 4.7 (Model for neighborhoods of strata in basic exploded manifolds). 

Given a smooth manifold M and m complex line bundles on M, we can 
construct the exploded manifold M xi Tp as follows: Denote by E the corre- 
sponding total space of our m C* bundles over M. This has a smooth free 
(C*)™ action. The exploded manifold Tp also has a (C*)™ action given by 
multiplying the coordinates zi,. . . ,Zm by the coordinates of (C*)™. Construct 
the exploded manifold M x T™ by taking the quotient oi E x T™ by the action 
of (C*)™ by (c,c-i). As the action of (C*)™ is trivial on Tf, the tropical part 
of M >^ is still defined, and is equal to P. 
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Alternately, choose coordinate charts on E equal to Z7 x (C*)"* C M" x C". 
The transition maps are of the form 

{u,Zi,...,Zm) ^ {(f){u), fi{u)zi, . . . , frn{u)Zm) 

Replace these coordinate charts with U x Tp c K" x Tp , and replace the above 
transition maps with maps of the form 

{u,Zi,...,Zm) {(f>{u), fi{u)zi, . . . , frn{u)Zm) 

The map to the tropical part M x Tp := P in these coordinates is given by 

{u,Zi,...,Zn) = {zi,...,Zn) € P 



5 The explosion functor and log geometry 

The explosion functor is a functor from a category of complex manifolds with 
normal crossing divisors to the category of (holomorphic) exploded manifolds. 
The explosion functor is an important source of examples of exploded manifolds. 
At the end of this section we will phrase this functor in the language of log 
geometry in terms of a kind of base change. 

Definition 5.1 (Holomorphic exploded manifold). Given a connected open sub- 
set U C Tp, call a smooth map f : U — > T holomorphic if it is equal to 
z"g{(i,. . . , Cm) where g is holomorphic and Q are smooth monomials. 

A holomorphic exploded manifold is an abstract exploded space locally iso- 
morphic to an open subset o/Tp with the sheaf of holomorphic maps to T. 

Suppose that we have a complex manifold M along with a collection of 
complex codimension 1 immersed complex submanifolds Ni so that Ni intersect 
themselves and each other transversely. (We shall call this a complex manifold 
with normal crossing divisors.) Then there is a complex exploded manifold 
Expl(M) called the explosion of M. 

We define Expl(M) as follows: choose holomorphic coordinate charts on M 
which are equal to balls inside C", so that the image of the submanifolds Ni are 
equal to the submanifolds {zi = 0}. Then replace a coordinate chart /7 C C" 
by a coordinate chart ExplC/ in (T})" with coordinates Zi so that 

ExplC/ := {z so that \z] € U} 

Define transition functions as follows: the old transition functions are all of the 
form fi{z) = Zjg{z) where g is holomorphic and non vanishing. Replace this 
with Expl/j(z) = Zjg{\z\), which is then a smooth exploded function. If /' is 
another transition function with fj{z) = Zkg'{z), then where defined, 

Expl(/ o f')i{z) = zkg'm)g{f'{\z])) = (Expl/ o Expl/'), {z) 

Therefore the explosion of the old transition functions define transition functions 
which define Expl(M) as a holomorphic exploded manifold. 
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In the case that all the submanifolds Ni are embedded (as opposed to sim- 
ply immersed), Expl(M) is a basic exploded manifold. The tropical part of 
Expl(Af) has one vertex for each connected component of M, an edge for each 
submanifold, a face for each intersection, and a k dimensional face for each 
/c-fold intersection. 




One natural way to view a complex manifold M with normal crossing divisors 
Ni is as a log space, which in this case means the complex manifold M along with 
the sheaf of holomorphic functions on M which do not vanish off the divisors Ni. 
From this perspective, maps between complex manifolds with normal crossing 
divisors should be the holomorphic maps which pull back holomorphic functions 
which do not vanish off divisors to functions of the same type. 

For example a map from a convex open subset U of C" with normal crossing 
divisors given by the coordinate planes to C with the divisor must be in the 
form f(z) = z"g{z) where g is holomorphic and nonvanishing and a € N". We 
can define Expl / : Expl U — > by 

Expl/(f) = 5"g(ril) 

The explosion of any map between complex manifolds with normal crossing 
divisors can be defined similarly, and as checked above in the special case of 
transition functions Expl(/ o /') — Expl / o Expl/'. 

We shall now describe the link between exploded manifolds and log geometry 
in more detail. Readers not familiar with log geometry may safely skip the 
remainder of this section. 

Suppose that B is a holomorphic exploded manifold with tropical structure 
7^(Bt) that contains no polytopes that contain an entire afhne line. We can 
regard B as a log space i(B) as follows: The smooth part, [B] is a kind of 
singular complex manifold with the sheaf 0(B) of holomorphic functions given 
by the sheaf of holomorphic maps of B to C regarded as a holomorphic exploded 
manifold. As well as the sheaf 0(B) of holomorphic functions on [B] , there is a 



28 



shoaf +5 ^ (B) of holomorphic maps of B to T} , which is a sheaf of monoids. The 
third ingredient needed for a log space is a homomorphism +f ^ (B) — > (^{^)- 
The required homomorphism is provided by the smooth part homomorphism 
[•] : C*t["'°°) C, so / e +5^ (B) is sent to \f]. The log space L{B) can be 
thought of as the data {\B],0{B),+£'' (B), [•]). 

This construction is functorial: given any holomorphic map / : B — > C 
there is a natural map L{f) : L{B) — > L{C) of log spaces given by the holo- 
morphic map [/] : [B] — > [C] and the puUback map 

/*: r/r(+^Mc)) 

9 >-> gof 

For example a point p considered as a holomorphic exploded manifold cor- 
responds to the log space L{p) which is a point with the monoid C*t[°'°°^. As 
each exploded manifold B comes with a unique map to p, the corresponding log 
space i(B) comes with a canonical map to L{p). As such, L(B) is correctly 
regarded clS cL log space over L{p). 

We shall now see that B can be recovered from i(B) — > L{p), so B can be 
regarded as a log space ^(B) over L{p). To do this, we must reconstruct the 
set of points in B and the sheaf £^ (B) of holomorphic exploded functions on 
B. Suppose that P is a m-dimensional polytope which contains no afEne lines. 
Then P is isomorphic to a polytope contained entirely inside [0, 00)"*. Therefore 
any integral affinc map from P to K is a finite sum of integral affine maps to 
[0, 00) with integral affine maps to (— cxd, 0]. It follows that for any U C Tp , the 
group £^ [U) of holomorphic exploded functions on U is generated by the set 
'^£^ ([/) of holomorphic maps to T}. Therefore, if the tropical structure VIBt) 
contains no polytopes that contain an affine line, then £^ (B) can be recovered 
as a sheaf of groups from +5^ (B). We must now recover the set of points in B 
and be able to interpret 5^ (B) as a sheaf of functions on this set of points. 

As we are considering L{B) as a log space over L{p), the natural candidate 
for the set of points in B is the set of maps of L{p) into i(B) so that the 
composition with L(B) — > L{p) is the identity map. The information in the 
map L(B) — > L{p) is the inclusion of C*t[°'°°) in +f ^ (B) as the set of constant 
maps to TJ. a map / : L{p) — > -t'(B) is equivalent to a map [/] : p — > [B] 
and a homomorphism /* from the stalk of '^£^ (B) at [/] (p) to C*t["'°°'' so that 
r/*(fl)l = r^Kr/Kj^))- As our map must be compatible with the map i(B) — >• 
L{p), we must restrict to the case of homomorphisms that are the identity on the 
constant maps, so f*{ct°') = ct°. The homomorphism /* extends uniquely to a 
homomorphism from the stalk of f ^ (B) at [/] (p) to C*i^, therefore £^ (B) can 
be regarded as a sheaf of functions on this set of points. Choose a coordinate 
chart containing [/] (p) isomorphic to an open subset of Tp where P is contained 
in [0,00)™. Then 

r {ce~9{\s])zr ■ ■ ■ Kn) = ct-ffim {p))nhr ■ ■ ■ nsmr- 

So /* is entirely determined by /*(£„)) G (C*tfO'°°))™. The fact 

that /* is a homomorphism from the stalk of +£"" (B) at \f]{p) to C*t[°'°°) so 
that = [.9! (r/1 (p)) implies that (/*(zi), . . . , /*(z,„)) is the coordinates 

for a point f{p) S Tp so that [/(p)] = \f]{p), so /* is simply evaluation at 
the point f{p). Therefore the set of maps of maps L{p) — > -^(B) as log spaces 
over L{p) corresponds to the set of maps from p into B. A bijection is given by 
the functor L. 
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Similarly, the functor L gives a bijection from the set of holomorphic maps 
B — > C and the set of maps L(B) — > L(C) as log spaces over L{p), so long as 
no polytopes in ■p(Br) or V{Ct) contain an entire afSne line. This is because a 
map i(B) — > L(B) automatically gives a map from the set of points in L(B) 
to the set of points in L{C) which is continuous with respect to the topologies 
on [B] and [C] , and pulls back exploded functions to exploded functions. 

The above discussion implies that a subcategory of holomorphic exploded 
manifolds can be regarded as log spaces over L{ji). A complex manifold with 
normal crossing divisors can be regarded as a log space over a point 
with 'sheaf of monoids' given by C*. There is a canonical map of log space 
L{p) — > corresponding to the inclusion of C* into C*t[°'°°). The explosion 
functor can be regarded as a base change from log spaces over to log spaces 
over L{p) given by this map. 

L(ExplM) — > Mt 

L{p) 

In other words, Expl M considered as a log space is the fiber product of M'^ — > 
with the map L{p) — > p^ . 

The algebraic geometry of log schemes over L{p) is probably a very interest- 
ing direction for further research. 

6 Tangent space 

To define the tangent space of an exploded manifold B, we shall need to use 
the sheaf of smooth real valued functions, and we shall need to be able to add 
together two exploded functions. 

Definition 6.1 (Smooth function). The sheaf of smooth functions C°°(B) is the 
sheaf of smooth morphisms ofB to R considered as a smooth exploded manifold. 

Definition 6.2 (Exploded tropical function). The sheaf of exploded tropical 
functions f(B) is the sheaf of Ci!^ valued functions which are locally equal to a 
finite sum of exploded functions in £^ (B). ('Sum' means sum using pointwise 
addition in Ct*.j 

The operation of addition is needed here to state the usual property of being 
a derivation. The other reason that addition was mentioned in this paper was 
to emphasize the links with tropical geometry. 

The inclusion l : C — ^ Ct* defined by b{c) = ct° induces an inclusion of 
functions 

(.:C°°(B) ^f(B) 
^(/)(P) := ^(/(P)) 

Definition 6.3 (Vector field). A smooth vector field v on an exploded manifold 
B is determined by maps 

V : C°°(B) — ^ C°°(B) 
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v:£{B) — >£{B) 

so that 
1. 

v{f + g)^v{f)+vig) 

2. 

vifg) = v{f)g + Jv{g) 

3. 

«(ctv) = ciyvU) 

4- The action of v is compatible with the inclusion i : C°° — > £ in the sense 
that 

v{if) = iv{f) 

Smooth exploded vector fields form a sheaf. The action of the restriction of 
V to U on the restriction of f to U is the restriction to U of the action of v on 
/• 

We can restrict a vector field v to a point p Cz B to obtain a tangent vector 
Vp at that point. This is determined by maps 

Vp : C°°(B) R 

Vp : £(B) — > Ct^ 

(where in the above maps, M and Ct* indicate the corresponding sheaves sup- 
ported at p (z B) satisfying the above conditions with condition replaced by 

Vp{fg) = Vp{f)g{p) + f{p)vp{g) 

Denote by TpB the vector space of tangent vectors at p £ B. 

We can add vector fields on B and multiply them by functions in C°°(B). 
We shall now work towards a concrete description of vector fields in coordinate 
charts, and show that the sheaf of smooth vector fields on an exploded manifold 
B is equal to the sheaf of smooth sections of TB, which is a real vector bundle 
over B. In local coordinates {xi, Zj}, a basis for this vector bundle will be given 
by and the real and imaginary parts of {zijj^}. This is part of the reason 

that the dimension of M" x Tp is n + 2m. 

Lemma 6.4. Differentiation does not change the order of a function in the 
sense that given any smooth vector field v and exploded tropical function f (z £ , 

l^vf 

Proof: 

As w is a derivation, w(l^) = It'(l) + li'(l), so v{l) = 0. Using axiom [i] gives 
vt° = via) = i{vl) = Ot° 
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Now we can apply v to the equation / = It"/, so vf = Ot"/ + li^vf. Taking 
the tropical part of this equation gives 

w/ = / + ^i-e. w/> / 

(Recall that we use the order F < if x > y as we are thinking of t as being 
tiny. So + F means that > t^.) Now, using axiom |3] gives 

ve = v{ei°) = eot" = oe 

Now suppose that / € f ^(B). Then 



Therefore, 



so 



t° > vf/f 



f>vf 



Therefore for any / £ £^(B), vf — f. As any exploded tropical function 
is a sum of such invertible functions, we may use axiom [T] to see that the same 
equation holds for any exploded tropical function. □ 

Lemma 6.5. For any smooth exploded manifold B, there exists a smooth ex- 
ploded manifold TB, the tangent space of B, along with a canonical smooth 
projection tt : TB — >■ B that makes TB into a real vector bundle over B. The 
sheaf of smooth vector fields on B is equal to the sheaf of smooth sections of this 
vector bundle. 
In particular, 

-Pi 



T(M" X T™) = M2n+2m ^ rj,n 



Proof: 

We shah first prove that T(E" x T^) = M2«+2m ^ T^. We shall use coordi- 
nate functions Xi for M" and Zi for T^'. A section of M2n+2m ^ rj,™ — ^ x 
is given by n + 2m smooth functions on M" x Tp . To a vector field u, associate 
the n smooth functions vjxj), and the m smooth complex valued functions given 



by \v{zi)z^ "^]. (Lemma 6.4 tells us that ^w(zi) = t", so this makes sense.) 



The functions {v(xi), \z~ v{zi)\) give us n + 2m smooth real valued functions, 
and therefore give us a section to associate with our vector field. 

Now we must show that given an arbitrary choice of n-|-2m smooth functions 
on Tp , there exists a smooth vector field v so that the functions are v{xi) and 
the real and imaginary parts of [u(zi)z~^] , and we must show that these n-t-2m 
functions uniquely determine our vector field. 

First, recall that exploded tropical functions are a sum of functions of the 
form /t^z", where / is some smooth function of x and C,j = [f^^ z"^] . Axioms [2] 
and|3] imply that u(t^2"') = Fz" Then axiom [4] implies that 

i 

Use the notation 
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We have that 

i 
i 

As w is a derivation on smooth functions, we may apply the usual rules of 
differentiation including the chain rule to determine what v{f) should be. 

v{j) - + E ^ {v{~z,)K') "i'lf: + » {v{~z,)K') 



Note that this depends only / as a function on M" x Tp, despite the fact 
dt i ^^'^ dB 



that and -t^— may depend on the extension of / to a smooth function of 



[i^^ z"^] and x, because ajg^ and ^id§~ vector fields tangent to 
the subset where / is defined before extension. Putting any smooth functions 
in the above formula in the place of v{xi) and the real and imaginary parts of 
\v{zi)z~'^^ gives a derivation. Note also that v[f) is a smooth function, and is 
real valued if / is real valued. Using axioms [T] and [2] the corresponding formula 
for an exploded function is 



E 



It can be shown that v satisfying such a formula satisfies all the axioms for 
being a smooth exploded vector field, is well defined, and is zero if and only if 
v[xi) = and [w(zj)Zj~"'"] — 0. 

This shows that T (M" x T'^) = M2«+2m ^ -pm^ r^Yien the fact that TB is 
a vector bundle over B follows from our coordinate free definition of a smooth 
vector field, and the fact that every smooth exploded manifold is locally modeled 
on M" X T^. 

□ 

For any smooth exploded manifold B, we now have that TB is a real vector 
bundle. In local coordinates {xjjZj}, a basis for this vector bundle is given by 
■fzS"} ^^^"^ ^-'^'^ ^"^^ imaginary parts of {z,;^}. The dual of the tangent 
bundle, r*B is the cotangent space. A basis for the cotangent space is locally 
given by {dxi\ and the real and imaginary parts of {z~^dzi}. We can take 
tensor powers (over smooth real valued functions) of these vector bundles, to 
define the usual objects found on smooth manifolds. 

Remark 6.6 (Metrics). 

A metric on B is a smooth, symmetric, positive definite section of T*B ® 
T*B. Note that the inverse image of any point p in B has the structure of a 
(C*)™ bundle Mp over some manifold in the sense that a smooth map M — > B 
is equivalent to a choice of p S B and a smooth map M — > Mp. Any smooth 
metric on B gives a (C*)™ invariant metric on Mp which is complete if B 
is compact. We may therefore carry out any local construction familiar from 
Riemannian geometry. The topology coming from a metric on B is Hausdorff, 
and with this topology, we may regard B as the disjoint union of Mp for all p 
in B. 
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Definition 6.7 (Standard metric and basis for tangent space). Define the stan- 
dard basis for T {U.^ x Tp) to he the basis given by the vector fields and the 
real and imaginary parts of {zi-^}. Define the standard metric on K" x Tp to 
be the metric in which the standard basis is orthonormal, and let the standard, 
connection on x Tp be the connection which preserves the standard basis 
(the Levi-Civita connection of the standard metric.) 

Definition 6.8 (Integral vector). An integral vector v at a point p — > B is a 
vector V G TpB so that for any exploded function f G £^ (B), 

Use the notation '^TpB C TpB to denote the integral vectors at p — B. 

For example, a basis for ^TT" is given by the real parts of Zi^. The only 
integral vector on a smooth manifold is the zero vector. 

Given a smooth morphism / : B — > C, there is a natural smooth morphism 
df : TB — > TC which is the differential of /, defined as usual by 

df{v)g := v{g o f) 

Of course, df takes integral vectors to integral vectors. 

As usual, the flow of a smooth vector field gives a smooth morphism (with 
the usual caveats about existence in the noncompact case - the existence theory 
for flows of vector fields on exploded manifolds is identical to the existence 
theory on smooth manifolds.) 

Theorem 6.9. If v is a smooth vector field on an exploded manifold B, then 
the flow of V for time 1 is a smooth map when it exists. 

Proof: 

First consider the case of a coordinate chart of the form T^ := (T}) . We 
can considcir the subset of TJ^ over any given point in the tropical part TJ^ to be 
a smooth manifold, and the restriction of any smooth vector field on T^ to this 
subset is just a smooth vector field. Therefore we can apply the usual existence, 
uniqueness and regularity results in this context. We shall assume that the time 
1 fiow of our vector field exists. 

We must show that the time one flow of v composed with any smooth ex- 
ploded function gt°z" is still a smooth exploded function. Use the notation 
g{t, z)i°'z" to indicate the above exploded function composed with the time t 
flow of V. Then 

^^=v{g)+g~z-'^v{z'^) 

Note that if ?; is a smooth vector field, z^"-v{z°') is a smooth function. We shall 
now prove the smoothness oig{t, z) using the fact that the flow of smooth vector 
fields on smooth manifolds is smooth. 

In particular, the smooth part of T^ is just C". A basis for the tangent 
space is the real and imaginary parts of 5j ^ , which correspond to the smooth 
vector fields ri-^ and in polar coordinates on C". As any smooth vector 
field on TJJ is a sum of smooth functions times the above basis vector fields, any 
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smooth vector field on T" corresponds to a smooth vector field on C" (tangent 
to all the coordinate planes.) 

Consider the function g on M x C"^^ which is equal to g{t, zi, . . . , Zn)zn+i- 
g satisfies the differential equation 

where 

V — V + X 

where a; is a vector field pointing in the last coordinate direction for which 
xzn+i — 2^"u(z")z„+i. As g at time 1 is the composition of g at time with 
the time 1 flow of the smooth vector field v, g at time 1 is smooth, therefore, its 
restriction to {zn+i = 1} is also smooth, therefore g at time 1 is smooth. This 
proves that smooth exploded functions composed with the time 1 flow of v are 
smooth. 

The general case now follows quickly. The argument for TJ^ x T™ is analo- 
gous. As any other coordinate chart is the restriction to a subspace of TJ^ x T™, 
the case of a smooth vector field on a general coordinate chart follows from the 
observation that we can extend it to a smooth vector field on x T™. Regu- 
larity results for fiows which only locally exist in a coordinate chart can as usual 
be obtained from the above using smooth cutoff functions, and the global result 
for an exploded manifold follows. 

□ 



7 C^'^ regularity 

This section defines some regularities that are natural to consider on exploded 
manifolds. These extra regularities are needed because they are the natural level 
of regularity of the moduli stack of holomorphic curves in an almost complex 
exploded manifold (see and pE] for details). The reader wishing a simple 
introduction to exploded manifolds may skip this somewhat technical section 
on first reading. 

For any choice of smooth metric on the exploded manifold T}, the subset 
where \z\ = i° will be the manifold C \ {0} with some metric that has a cylin- 
drical end at 0. When faced with a manifold with a cylindrical end, one way of 
defining a class of functions with nice regularity is to 'compactify' that cylindri- 
cal end, and consider the class of smooth functions on the resulting compactified 
manifold. This is how we defined 'smooth' functions on T}. This choice of what 
is 'smooth' was chosen simply because it was easy to describe using existing lan- 
guage - it is not the only natural choice. A C°°'- function is a generalization of 
a function on a manifold with a cylindrical end which is smooth on the interior, 
and which decays exponentially along with all its derivatives on the cylindrical 
end. 

Recall that every exploded manifold B is a (possibly non-Hausdorff) topo- 
logical space, so we may talk of continuous maps from B to any topological 
space. 
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Definition 7.1 (Continuous morphism). A exploded function f G £'^'^{'B) 
is a function of the form fg where f is a continuous map from B to C* and 
g G £^ (B) is a smooth exploded function. We can define C° morphisms of 
exploded manifolds to be morphisms of abstract exploded manifolds using the 
sheaf £°'^ instead of £^ . 

When referring to a continuous map B — > C we shall always mean a C° 
morphism B — > C in the sense of the above definition, which is stronger than a 
continuous map from B to C considered as topological spaces. For example, any 
map to T as a topological space is continuous because [T] is a point, but the 
only continuous morphisms from T to itself are morphisms of the form ci"'z°'. 

Given a continuous real valued function / on T}, by saying '/ converges 
exponentially with weight (5' on T} , we mean that the function 

{f{\z^)~fm\\~z^\-' 

extends to a continuous function on all of T} which is zero when \z~\ = 0. 
The class of C°°'^ functions on T} consists of functions which are continuous, 
and have continuous derivatives to all orders which converge exponentially with 
weight (5 on TJ. It is this that we must generalize to R" x T™. 

Definition 7.2 (The operator e^). Given any real or vector valued C° function 
/ on M" X Tp, and a strata S C P define 

es{f){x,Zi,---,Zm) ■■= f{x,Zit^Zl~K---,Zml^Zm~h 

where (t"^ . . . is any point in S, and (f^)"' = fS. 

So esf{x, z) samples the function / at a point with tropical part half way 
between z and the point t" in S. Note that esf does not depend on the choice 
of the point i" in S. 

For example consider T2 := T^fo The polytope [0,oo)^ has two one 

dimensional strata 

:= (0, 00) X ^2 := X (0, 00) 

and one two dimensional strata S3 := (0, 00)^. If we have a function / G C''(T|) 
(in other words a continuous map from the topological space to M), then 

esJ{zi,Z2) ^ f{0,Z2) es,J{zi,Z2) ^ f(zi,0) es.,/(zi, za) = /(O, 0) 

As a second example, consider Tjqj^j. Smooth or continuous functions on 
TjQ are generated by (i = \z] and C2 = [e^z~^]. There are three strata of 
[0, 1] to consider: 0, 1, and (0, 1). 

eoCi = Ci eoC2 = eo/(Ci, C2) = /(Ci, 0) 

eiCi=0 eiC2 = C2 ei/(Ci,C2)-/(0,C2) 
e(o,i)Ci = e(o,i)C2 = e(o,i)/(Ci, C2) = /(0, 0) 
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Note that wc can consider Tj^ ^ as the subset of where ziZ2 = t^- From this 
perspective we can relate the above two examples by cq = es^ and e\ = es^ ■ 

In general, the smooth or continuous functions on Tp are generated by 
functions Q of the form [f'^"'] := \C,i\. For any strata S C P one of the 
following two options hold: 

1- f.sCi = 0, Ci vanishes on the strata of Tp corresponding to S and Q < t° 

on S 

2. or esCi = Ci a^nd Q is nowhere on the strata of Tp corresponding to S, 
and = tO on S. 

The operation es on a continuous function / on Tp is then given by 

es/(Ci, ••■,(«) = /(esCi, • • • ,esCn) 

Of course, this implies that if / is smooth or continuous, eg/ is too. 

Note that the operations eg^ commute and es^esi = es^- More generally, 
es,£Sj = es' where S' is the smallest strata of P whose closure contains both 

Si and Sj. 

Definition 7.3 (The operators e/ and A/). /// denotes any collection of strata 
{Si,. . . , Sn} of P, we shall use the notation 

eif ■■= es, (es2 (• ••es„/)) 
Ajf := ( n(id-e5,))/ 

For example on T2, 

^51,52/(2^1,^2) := (1 - esj(l - e5j(/)(zi,Z2) 

:= fizi, Z2) - /(O, Z2) - f{zi, 0) + /(0, 0) 

Note that if S* G /, e^A/ = 0. In the above example, this corresponds to 
As„sj(zi,0) = and Asi,sJ(0,Z2) = 0. 

The operator (id — Aj) gives a nice way to extend the domain of definition of 
a function / defined only on the closure in [Tp ] of the strata in /. The function 
g = (id— A/)/ is defined on all of Tp, is smooth if / is, and esg = egf for all 
S £ I. For example, if f{zi, z^) is a smooth real function defined on the subset of 
Ti for which Z1Z2 = 0, then (id -Asi,sJ/(zi, ^2) := /(O, z^) + /(zi, 0) - /(0, 0) 
is a smooth function extending the domain of definition of / to all of T2 . 

We shall need a weight function wi for every collection of nonzero strata /. 
(We shall need this weight function to measure how fast functions 'converge' 
when approaching the strata in /.) This will have the property that if / is 
any smooth function, then A// will be bounded by a constant times wi on any 
compact subset of R" x T^. 

Consider the set Zi of smooth monomials on M" x Tp of the form C = [t°z"] 
so that A/^ = C,. (This is equivalent to esC = for all S G /.) Choose some 
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finite set {Ci} of generators for Zj so that any C G ^7 is a product of one of 
these (^i with another smooth function. Then define 



Continuing the example of T| started above, we can choose ws^ = \zi\, 
WS2 = \z2\, wsi,S2 = \z\zi\, and ws^ = \zx\ + \zi\. 

Note that for any ^ G Z/, the size of C is bounded by a constant times wi 
on any compact subset. Therefore, given any other choice of generators for Z/, 
the resulting w\ is bounded by a constant times wj on any compact subset of 
M" X Tp. Note also that wi-^wi^ is bounded by a constant times ui/ju/j on 
any compact subset of M" x Tp, as wj^wi^ is a finite sum of absolute values of 
C G Zi^uh- 

As mentioned above, these wj have the property that if / is any smooth 
function, then A// is bounded by a constant times wj on any compact subset 
of M" X T^. 

For example, consider the case of TJ^ Tjg^j„. Any smooth function 
on is determined by a smooth function / on [T^] = C". Consider the 
strata Si corresponding to the set where Zi := \zi] — 0. Then, as A5,/ has a 
continuous derivative and vanishes when = 0, Ag.f is bounded by a constant 
times \zi\ on compact subsets of C". If i ^ j, As-^Sjf vanishes where ztZj = 0. 
Therefore, as Ag.^g^./ has a continuous derivative, it is bounded by a constant 
times \ziZj\ on compact subsets of C" away from where Zi = Zj = 0. On the 
set where Zi = Zj = 0, As^^Sjf vanishes and its derivative vanishes, therefore, 
as Ag. 5^. / has continuous second derivative, it is bounded by a constant times 
\ziZj\. Similarly, if / = {Si-^, . . . , Si,^}, A// has continuous derivatives up to 
order k and vanishes on the set where Zi-^ ■ ■ ■ zt^ = 0, so A// is bounded by a 
constant times \zi^ - ■■ ZiJ on compact subsets of T". In the lemma below, we 
prove the general case. 

Lemma 7.4. Given any function f on K" x T™ , and collection I of at m,ost 
k strata of P, then A// is hounded by a constant times wj on compact subsets 
o/ffi" X T™. 



We shall first consider the case of T" . Use coordinates z for [T"] . Introduce 
a real variable ts for each S £ I, and let t denote the vector of all these variables. 
Define 



\sei / 

This function has the property that if ts = for all S G Ii and tg' = 1 for all 
S' € I\Ii, then (j)i{t,z) = cj^z. 

Use the notation Dj := Hsej af~- We can rewrite A// as follows. 



Proof: 
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To bound A//, we shall bound the above integrand. 



Djfi<l){t,z))^ D'fihit,z))iDj,cPj{t,z))---{Dj,^j{t,z)) 

= J2 D'f{(t>i{t,z)){^i,<t>i-i,{t,z))---{^i,(t>i-hit,z)) 

The above sum is over all partitions of /. The notation f indicates the lih 
derivative of / considered as a function on K^". On compact subsets, the first k 
derivatives of / are bounded by a constant. The term Aj.(l)i^i.{t, z) is a finite 
sum of monomials in z which vanish on all strata in li multiplied by terms 
dependent on t which are bounded by 1. Therefore A// is bounded on compact 
subsets by some constant times a finite sum of monomials in z which vanish on 
all strata in /, which in turn are bounded by a constant times w/. 

Our lemma therefore holds for TJ^. The same argument works for M" x T" x 



T^. Recall from Remark 



3.9 



that M" X T™ is a subset of some M" x T" x 



defined by some monomial equations in z. Therefore any function / on 
R" X can be extended to a C'' function /' on M" x T° x Tg, which must 
satisfy our lemma. Note that esf is the restriction of es'f where S' is the 
strata of M" x T" x containing 5". Therefore, A// is the restriction of A///' 
where /' is the corresponding collection of strata containing the strata in /. It 
follows that A// is bounded on compact subsets by a constant times a sum of 
absolute values of monomials which vanish on all the strata in /, which arc in 
turn bounded on compact subsets by wj times a constant. 

□ 



We shall now define C'^'^ for any < S < 1: 

Definition 7.5 {C'''^ and C°°'^ regularity). Define C°-^ to be the same as C° . 
A sequence of smooth functions fi € C°°(K"' x Tp) converge to a continuous 
function f in C'^'^iW^ x Tp) if the following conditions hold: 

1. Given any collection I of at most k nonzero strata, the sequence of func- 
tions 

\wY'Ai{f,~ f)\ 

converges to uniformly on compact subsets of [M" x T™] as i — )■ oo. 
( This includes the case where our collection of strata is empty and fi^f 
uniformly on compact subsets.) 

2. For any smooth vector field v, v{fj) converges to some function vf in 

Define C^'^W^ x T'j?) to be the closure of in C" with this topology. Define 
(joo,S j-^ intersection of C^'^ for all k. Define C°°'- to be the intersection 

ofC°°'^' for all S' <S. 

In particular, C°° C C°°'i C C'''^ for < 5 < 1. Functions in C''-^ can be 
thought of as functions which converge a little slower than C'' functions when 
they approach different strata. Thinking of a single strata as being analogous 
to a cylindrical end, this is similar to requiring exponential convergence (with 
exponent S) on the cylindrical end. 
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The C'''^ topology is given by the fohowing norm restricted to compact 
subsets on which the operations es are stih defined. 

Definition 7.6 (The norm H^.^)- Define l/lg^ to be the the supremum of\f\. 
Then define \f\i^g to be 

I/Im |v/|,_M + «up E H'^if\ 

\I\<k 

where V indicates the covariant derivative using the standard connection and 
the absolute value of tensors is measured using the standard metric (both defined 
on page 34 )■ 



Lemma 7.7. C^'^ is an algebra over C°° for any < S < 1. 
Proof: 

We aheady know that C°° C C^-"^'. The sum of any two C^'^ functions is 
clearly C'^'^, so it remains to prove that the product of two C*^'* functions is 

First, note the following formula for A5 of a product: 

Asfg^{Asf)g + iesf) (Asg) 

This generalizes to the case of a collection / of strata as follows: 

/'C/ 

Therefore we can bound [w^'^Az/yl on compact subsets by expressions in / and 
g using the fact that wjiwj^j> is bounded by a constant times wj as follows: 

\wj'Ajfg\ <cY,\wj'j,Ai_j,f\ \wJ,'Arg\ 

I'CI 

The above inequality is valid on compact subsets, and the constant c depends 
on the compact subset, but is independent of / and g. A similar inequality may 
be derived for derivatives of fg using the product rule. It follows that |/.g|j. g 
can be bounded by a constant times ^ g on compact subsets, and that 
the required constant is independent of / and g. 

It follows that if /; — )■ / and gi g in. C^'^ , then figi fg in C^'^ , because 
on compact subsets we can estimate 

\h9i - l9\k,s < \fi9t - 9)\k.s + VAft - f)\k,s 

+ I(/.-/)(.9.-5)Im 

and restricted to compact subsets, each of the terms in the right hand side of 
the above converge to as i — >■ 00. 

□ 

The following lemma allows us to define C^'^ regularity without reference to 
smooth functions 
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Lemma 7.8. A continuous function f on M" x Tp is C'^'^ for some k > 1 if 
and only if the following two conditions hold. 



1. V/ exists and is C^^^'^ . 

2. For all collections I of at most k strata, wj^ Ajf extends to a continuous 
function which vanishes on all strata in I. 

Proof: 

The fact that the above two conditions hold for C^'^ functions fohows im- 



mediately from Lemma 7.4 and the definition of C'''^ . We need to show that 
any function / satisfying the above condition can be approximated in C'^'* by 
a smooth function. 

Choose a smooth cutoff function p : [0,oo) — > [0, 1] so that p{x) is 1 for all 
X € [0, ^] and p{x) = for all a; > 1. Given a smooth monomial ^ on M" x T™ 
in the form ( = [t"z"] , let /^^ be the set of strata on which ( vanishes. Consider 

h^f-p{t\C\)AiJ 

for t large. As esAj^f = for any strata S G the function h agrees with / 
when C = and when C ^ f j but Aj^h = where |C| < ^. We shall now show 
that \ f — h\i^ g is small restricted to compact subsets when t is large. 
We may expand A/(/ — h) as follows: 

Aiif -h)^Ai {p{t \C\)Aij) = J2 ^^i^P^t KD) ^h^kuiJ 

For any strata S, either S is disjoint from the face on which C 7^ so esC = 
or S is contained in the face where C 7^ 0, so esC = C- 1^. other words, either 
egA/^ = or Asp{t |C|) = 0. Therefore, the terms in the above sum for which 
Ji ^ are 0, and we get that 

Ai{f-h)^pit\C\)AiuiJ 

As wj^ Ajf is continuous and vanishes on the strata in /, eswj^ Ajf is 
continuous and vanishes on all strata in /. Therefore, as wJ^csWj is bounded 
by 1 and continuous everywhere apart from strata in /, wJ^egAjf is continuous 
and vanishes on all strata in /. Therefore, wj^ Ajijj^f must also be continuous 
and vanish on all the strata in / U J^; . It follows that given any compact subset 
and e > 0, for t large enough, \wy^Aj{f — < e on the given compact subset. 
As VC is proportional to C, the derivatives of p{t |C|) are bounded independent 
of t using the standard metric and connection defined on page 34 It follows 
that h ^ f m C^'^ as t — > 00. 

Note that the new function h still satisfies the two conditions of our lemma. 
We may therefore repeat the above process for different C, and approximate / in 
C*^'* by a function h satisfying the conditions of our lemma with the following 
extra property: for all C, in the appropriate form C = [t"z"], where C, is small, 
enough, A/^/i — 0. This h therefore has the property that it is independent of 
C for C, small enough. As V'^h exists and is continuous, it follows that h is 



Then the estimates from Lemma 7.4 imply that we may approximate h in C'^'^ 
by a smooth function, so if / satisfies the conditions of our lemma, there exists 
a sequence of smooth functions converging in C^'^ to /. 

□ 



Lemma 7.8 has the following immediate corollary: 
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Corollary 7.9. A continuous function f is C^'- if and only if'V'^f exists and 
is continuous, and restricted to compact subsets 1/1^ 5/ is finite for all S' < S. 

Note that this Corollary holds for C'^'- which is the intersection of all C'^'^ 
for 6' < S. It does not hold for C'''^ . For example if / is continuous and |/|q ^ 

is finite, this implies that for all S" < S', wj^ A// extends to a continuous 
function which vanishes on all strata in /, but does not imply that Wj A// 
extends to a continuous function. 

Wc shall now start showing that wc can replace smooth functions with C°°'^ 
functions in the definition of exploded manifolds to create a category of C°°'^ 
exploded manifolds. 

Definition 7.10 {C'''^ exploded function). A C*^'* exploded function f G f '^■'^•x (M"x 
Tp) is a function of the form 

f{x,z) := g{x,z)z°'e where g e C'''^ (R" x T™,C*) , a e Z™, 1° e i* 

Similarly, f°°'*'>< = fl^f '''''''' and £°°^^''' = fl5<i • 

Say that a sequence of exploded functions g*z"H"' converge with a given 

regularity if the sequence of functions <?* does and Ui is eventually constant. 

Note that this is a non Hausdorf topology because there is no condition on the 

sequence ai . Say thai the sequence converges strongly, if g^ converges and the 

sequences on and ai are eventually constant. 

A C'''^ , C°°'^ , or C°°'i exploded manifold is an abstract exploded space locally 
isomorphic to M" x with the sheaf S'^'^'^ , S°°'^''^ , or £°°'-'^ respectively. 

Lemma 7.11. // 

a : R" X — )• R"' x T^' 

^5 a 'linear' map, so 

a{x, z) :— (^Mx, z" , . . . ,z" ^ 

where M is a n by n' matrix and a* is a m by ml matrix with Z entries, 
then the map a preserves C^'^ in the sense that given any function f G C'°'''(R" x 
)' 

foaG C'''^ (R" X T™) 

Proof: 

The important point here is that if / is a continuous function on R" x Tg , 
5 is a strata of P and S' is the strata of Q which contains a{S), then 

es(/o a) = (es'f) o a 

It follows that if / is any collection of strata of P and I' the corresponding 
collection of strata of Q, then 

Ai{foa) = {Ai,f)oa 
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Also, wj' o a is a finite sum of absolute values of monomials which vanish on the 
strata in /, therefore, wji oa is bounded on compact subsets by a constant times 
Therefore, \wJ^Ai{f o a) I is bounded on compact subsets by a constant 
times \{wi' Aj' f) o a\. We may bound derivatives similarly. It follows that if 
fi is a sequence of smooth functions converging to / in C^'^ , then o a is a 
sequence of smooth functions converging to / o a in C'^'*. So / o a is C'^'* if / 
is. 

□ 

Lemma 7.12. Any C''-^ section ofT{W' x T^) may be considered in standard 
coordinates as a C'^'^ map 

(/m- , /i, . ■ . , /m) : X T'iJ M" X C™ 
We can define an exponential map of the form 

exp(/)(a:,zi, . . . , Irn) := (x + /r-(x, z), e-^'i^'^'^^^Zi, . . . , e-'^^^^^'^^^z™) 

// h is in C'^'^ , then h o exp / is. 
Proof: 

We shall show that \h o exp /| j, ^ on a given compact subset U can be bounded 
by \h\f, gc{f) on a sup^; |/| neighborhood of U in the standard metric defined 
on page [Ml 

Note that 

es{h o exp /) = {esh) o exp(es/) 

Therefore, 

As{h o exp f)^ho exp / - {esh) o exp / + {esh) o exp / - {esh) o exp(es/) 
:= {Ash) o exp / + {esh o exp oAs)/ 

Induction on the number of strata in / implies that we can rewrite A/(/ioexp/) 
in the following form 

A,(/ioexp/)= J2 ((e/"A,-/i)oexpoA/,0/ (1) 
i'Ui"=i 

As an example for interpreting the notation above, we write 
{h o exp 0A5) f := ho exp f — ho exp(es/) 

as opposed to 

h o exp (As/) -.^ho exp(/ - eg/) 

The weight function wi o exp / differs from wi by a factor which is bounded 
by a constant to the power of the size of / - this is because the weight function is 
a sum of absolute values of monomials in z, and the size of / is measured in the 
standard metric in which the real and imaginary parts of Zi ^ are orthonormal. 
Therefore, there exists some constant so that 

sup I Wj (A//i)oexp/| < sup \w\Aih\c\f\ (2) 

U oKpfiU) 
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Now, to bound expressions of the form: 

{{Ai,h)oex^poAi„)f 
introduce a real variable ts for every strata S" G /", and define 




Using the notation Djn :~ Ylsei" a^' rewrite 

{{Aj,h)oexpoAj„)f:= [ ■ ■ ■( Dj„ {Aj,h{exp<i>j„{m dt (3) 

Jo Jo 

In order to bound the integrand of the above, we expand: 

Dp, ( A,- /i(exp = y^V\Ai,h){Di,<i>p,) ■ ■ ■ (I?/,*/-) 

(4) 

= ^ A,, (V'h) (A,,$,„_,J . . . (A,, 

where the sum above is over all partitions /i, . . . , of /", and V' indicates the 
Ith covariant derivative using the standard connection defined on page |34[ As 
on compact subsets wj^ is bounded by a constant times wji^wj^ . . . wj^ , on 
compact subsets, we get the following estimate 



'Di„ {Ai,h{cxp^i„{t)))\<cJ2\ 



{V'h)\l[\wjfAi^^i 



(5) 



A similar inequality forkuj ^Djn (A//V™ (/i(exp$7/'(i))))| can be obtained by 
differentiating equation |4j 



(A,,V™ (/i(exp<i>,,(t))))| <c 



-<5 



Ar (V 



l+mo 



^)ini 



,-<5 



(6) 



The above sum is now over all partitions of /" and nonnegative integers toq 
■ ■ ■ + mi = m. 



We can bound Wr A/. V™' by a sum of terms of the form \esWj Aj.V^ 



therefore equations Q [2j [3] and [6] give that for all / and m so that |/| + to < k, 
A/V™(/i o exp /) is continuous and vanishes on all the strata in /. Lemma 



7.8 



then implies that h o exp / is C 



k,5 



□ 

Consider a map between coordinate charts for which the pull back of ex- 
ploded coordinate functions is in S'''^'^ and the pullback of real coordinate 
functions is C'''^ . Any map of this form factors as a composition of maps in the 



form of Lemma 7.11 and Lemma 7.12 (first a map in the form of Lemma 7.11 



to the product of the domain and target, then a map of the form of Lemma 
7.12 then a projection to the target, which is of the form of Lemma 7.11| ) We 
therefore have the following: 
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Corollary 7.13. A morphism is C'^'^ if and only if the pull back of exploded 
coordinate functions are S'^^^'^ functions, and the pull back of real coordinate 
functions are C'^'^ functions. 

We can of course define a C'^'^ vector field on an ex ploded manifold B as 
a section of TB which is a C'^'^ morphism. Corollary 7.13 implies that in 



coordinates, C'''^ vector fields are the vector fields which are C*^'* functions 
times the standard basis vector fields. 



The definition of convergence for functions now generalizes in a straightfor- 
ward way to convergence for C'^'^ maps. 

Definition 7.14 {C'''^ convergence). A sequence of C'^-^ exploded maps /* : 
A — > B converges (strongly) to f : A — > B in C^'^ if the pullback under /* of 
any local coordinate function on B converges (strongly) in C^'^ to the pullback 
under f . 



8 Almost complex structures 

Definition 8.1 ((Almost) complex structure). An almost complex structure J 
on a smooth exploded manifold B is an endomorphism of TB given by a smooth 
section o/rB(X)T*B which squares to become multiplication by —1, so that given 
any exploded function z Q £^ (B) and integral vector v G ^TpB 

{jvm ^ i{v{2)) 

An almost complex structure J is a complex structure if there exist local 
coordinates z e T™ so that for all vector fields v, iv{zj) = (Jv){Zj). 

This differs from the usual definition of an almost complex structure only in 
the extra requirement that integral vectors satisfy {Jv)z — ivz. Integral vectors 



are defined on page 34 They are the vectors which satisfy v{z)z~'^ is an integer 
for all exploded functions z. 

For example, on the integral vectors are the integer multiples of the real 
part of in the region where \z] = 0. Our definition requires that J of the 
real part of is the imaginary part in this region. This extra requirement 
makes holomorphic curves C°°'- exploded maps, and makes the tropical part of 
holomorphic curves piecewise linear one complexes. If it did not hold, then we 
would need to use a different version of the exploded category using M* instead 
of C* to explore holomorphic curve theory. The analysis involved would be 
significantly more difficult. 

The following assumption allows us to use standard (pseudo) holomorphic 
curve results. 

Definition 8.2 (Civilized almost complex structure). An almost complex struc- 
ture J on ^ is civilized if it induces a smooth almost complex structure on the 
smooth part of B. This means that given any local coordinate chart modeled 
on Tp, if we consider T™ as a subset of x (Tj)** defined by setting some 



monomials equal to 1 (as in Remark 3.9), there exists an almost complex struc 



ture j on T" x (T})* which induces a smooth almost complex structure on 
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[T° X (TJ)''] = so that the subset corresponding to Tp is holomorphic, and 
the restriction of J is J. 

The word civilized should suggest that our almost complex structure is well 
behaved in a slightly unnatural way. Any complex structure is automatically 
civilized, and there are no obstructions to modifying an almost complex struc- 
ture to civilize it. If we assume our almost complex structure is civilized, then 
holomorphic curves are smooth maps. Otherwise, they will just be C°°'-. 

Definition 8.3 (Exploded curve). An exploded curve is a 2 real dimensional, 
complete exploded manifold with a complex structure j . 

A holomorphic curve is a holomorphic map of an exploded curve to an almost 
complex exploded manifold. 

A smooth or C°°'- exploded curve is a smooth or C°°'- map of an exploded 
curve to a exploded manifold. 

By a smooth component of a holomorphic curve C, we shall mean a strata 
of C which is a connected, punctured Riemann surface. By an internal edge 
of C we shall mean a strata of C isomorphic to T^p By a puncture or end 
of C, we shall mean a strata of C isomorphic to TL^-j. The information in 
a holomorphic curve C is equal to the information of a nodal Riemann surface 
plus gluing information for each node parametrized by C*t'-'^'°°'' (for more details 



of this gluing information see example 10.3 on page 55 



With one exception, all strata of exploded curves are either smooth com- 
ponents, edges or punctures. The exception is T. (Actually, there would be 
further exceptions if we had defined exploded manifolds differently, and allowed 
the quotient of T by z i— > cfz to be an exploded manifold.) 




small scale 



smooth part 



tropical part 



The above is a picture of an exploded curve with 3 smooth components, 3 
punctures and 3 internal edges. On the left hand side is the smooth part, where 
the smooth components are the 3 pictured Riemann surfaces, the 3 punctures 
are the 3 points marked, and the 3 internal edges correspond to the three nodes 
where the Riemann surfaces are joined. On the right hand side is a composite 
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picture of the tropical part of our curve, and some of the small scale of our 
curve, which is the topological space obtained from putting a smooth metric on 
our curve. The punctures correspond to the free edges of the tropical curve, 
the internal edges correspond to the internal edges of the tropical curve, and 
the smooth components correspond to the vertices of the curve. This exploded 
curve has genus 2 - part of the genus can be seen in the tropical part, and part 
of the genus can be seen in one of the smooth components. 

Example 8.4 (Balancing condition for exploded curves in T"). 

Consider a smooth curve / : C — > T". This is given by n exploded functions 

Each smooth component of C is sent to the (C*)" worth of points over a 
particular point in the tropical part T" . In particular, / restricted to a smooth 
component gives a smooth map of the corresponding punctiircd Riemann surface 
to (C*)". Around each punctm-c of a smooth component, there is some homology 
class a € Hi ((C*)" ,Z) of a loop around the puncture. Of course, the sum of 
all such homology classes from punctures of a smooth component is zero. 

Now consider / in a Tj coordinate chart around a puncture. In these coor- 
dinates. 

Similarly, / in a Tjp coordinate chart around an internal edge can be 
written as 

f{w) = (5i(Ci,C2)t"^ii"S...,5„(Ci,C2)t""i5"") 
where Ci = C2 = H^w'^], gi e C°°iC^,C*), a e Z" 

Again a e Z" can be regarded as the homology class in Hi ((C*)" ,Z) of a 
loop around the puncture. The tropical part of this map is x 1-^ a + ax, so a 
determines the derivative of the tropical part of /. Therefore the sum of all the 
derivatives of / exiting a vertex sum to 0. This can be viewed as some kind of 
conservation of momentum condition for the tropical part of our curve, /. In 
tropical geometry, this is called the balancing condition. 
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Example 8.5 (Curves as locus of non-invertibility of polynomials on T"). 

One way to consider the image of some holomorphic curves in T" is as the 
'locus of noninvertiblity' of some set of polynomials 

P'i{z) := ^£,,az" i = 1, . . . ,n - 1 
We can consider the set 

Z{p.} := {z so that Pi{z) e Ot"* Vi} 
Suppose that for all points p — > ^{Pi}i the differentials {dPi} at p are linearly 



independent. Then theorem 10.10 proved on page 58 implies that Z^p.y is the 
image of some holomorphic curve. 

Let us examine the set Z^p.j more closely. For any point zq, denote by 
Si^zg the set of exponents a so that Pi{zo) = Ci^aZ°'- Then there exists some 
neighborhood of zg in so that 

Pi — ^ ^ ^i^a^ 

The points inside Z^p.j over zq are then given by solutions of the equations 
Ci,az" — where Ci,a = Ci^aCi^a and z — zz 

Note that the above equation has solutions for z € (C*)" if and only if Si^g^ 
has more than 1 element. This corresponds to the tropical function Pi (which 
is continuous, piecewise integral affine, and convex) not being smooth at Zq. 
We therefore have that Z^p.^ is contained in the intersection of the non-smooth 
locus of the tropical polynomials Pi. 



9 Fiber products 

Definition 9.1 (Transverse). Two smooth (or C'''^ ) exploded morphisms 

are transverse if for every pair of points pi — > A and p2 — > B so that f{pi) = 
9{P2), df{Tp^A) anddg{Tp^B) span T ^ (j,^)C . 

Definition 9.2 (Fiber product). // / and g are transverse smooth (or C'^'^ ) 
exploded morphisms, 

the fiber product A /X^B is the unique smooth (orC^'^) exploded manifold with 
maps to A and B so that the following diagram commutes 

A/XgB A 

i i 
B ^ C 
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and with the usual universal property that given any commutative diagram 



D — A 

i i 
B — ^ C 

there exists a unique morphism D — > A /Xg B so that the following diagram 
commutes 

D ^ A 

; \ t 

B AfXgB 

The universal property of fiber products implies that they are unique if they 
exist. We shall prove their existence in the case of transversality in the next few 

lemmas. 

Lemma 9.3. Let U be a standard exploded coordinate chart, and let f : U x 
M" — > M" be a smooth function so that there exists a constant c <1 so that if 
V is any vector in the ffi" direction, 

\\df{v) — I'll < c ||t;|| 

Then there exists a unique smooth map g : U — > M" so that f{u, g{u)) = 0. 

Proof: 

This is a version of the implicit function theorem which follows from the 
smooth case. We can consider the smooth part \U~\ of ?7 as a subset of C", and 
extend / to be a smooth function on C" x M" still obeying the condition that 
the derivative of / in the M" direction is close to the identity, so there exists 
some constant c < 1 so that for any vector v in the M" direction, 

||c(f (u) — t^ll < c ||t;|| 
Then set 50 : C™ — > M" to be 0, and let 

gi{z) := gi-i{z) - f{z,gi-i{z)) 

Then gi is a Cauchy sequence which converges to a continuous map g : C™ — > 
K" so that f{z,g{z)) = 0. The implicit function theorem gives that this map g 
must be smooth. The restriction of g to \U~\ C C" gives the required solution. 
Uniqueness follows from the fact that for all z there is a unique x so that 
f{z, a;) = because the map x ^ x — f{z, x) is a contraction. 

□ 

Lemma 9.4. Suppose that / : B x M" — > M" is a C'^'^ map so that for som.e 
point p G B X M" . f{p) = and the derivative of f at p restricted to the M" 
direction is bijective. Then there exists an open neighborhood of p, U x U' G 
B X M" so that for each u E U, there exists a unique point g(u) S U' so that 
f{u,g{u)) = 0. The resulting map g : U — > U' is C^^^ . 

Proof: 

The existence and uniqueness of some map g so that f{u,g{u)) = on an 
appropriately small neighborhood U xU' follows from the usual inverse function 
theorem applied to / restricted to each M" slice. We must verify that this g is 
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(jk,s ^ First, note that / restricted to each shce depends continuously on -u, 
so g is continuous. The usual implicit function theorem also implies that if we 
choose our neighborhood small enough, V'^g exists and is continuous. 

From now on, we shall assume that U xU' is chosen within a single standard 
coordinate chart so that the operations 65 make sense on functions defined on 
U OT U xU' . We shall now prove that for any collection of strata / containing at 
most k strata, wj^ Ajg is continuous and vanishes on strata in /. Suppose for 
induction that this holds for all collections of strata containing at most |/| — 1 
strata. Introduce a real variable ts for every strata S € I, and define 



:= l^n^^'S^s + es) j 



Then 



= A,(/(u,5))= I I DiA^i2^iJ{u.<t>i.))dti, 

m r_,JO Jo 



L 

eiWf{u,(l)i){Aig)dti 
Jo 

terms not involving Ajg 



(7) 



Suppose that Jq ■ ■ ■ Jq e^i^ f{u, (j)i)dti has a uniformly bounded inverse when 
restricted to the M" direction and considered for each w as a linear transforma- 
tion M" — > M". This is always true if we have chosen our neighborhood U xU' 
small enough. Then wJ^Ajg will be continuous and vanish on all strata in / if 

and only if the expression wj^ lo ■ ■ ■ lo e/V/(M, (j)i){Aig)dti is continuous and 
vanishes on all strata in I. We shall show that this is the case using the other 
terms in equation [7] 

First, note that wj^x is continuous and vanishes on all strata of / if wj^^ ■ ■ ■ wj 
does. We have that V™"^/ is continuous and vanishes on all strata in 

Ji, therefore the same is true of luj/e/./j A/^ V™~^/(m, 4>i-i^). Also, so long as 
Ij C /, our inductive hypothesis implies that wJ^Aj.g is continuous and van- 
ishes on all strata of Ij. The term Dj.(j)j^j-^ is a signed sum of terms in the form 
of ei'Aj.g, therefore, wj^ Dj cfij^j^ is continuous and vanishes on all strata in 
Ij . Therefore, our inductive hypothesis combined with equation [7] implies that 
wj^ . . . ej\7 f{u, (/)j){Ajg)dtj is continuous and vanishes on all strata in 
/. Therefore, so long as we have chosen U x U' small enough, wJ^Ajg will be 
continuous and vanish on all strata in /. 

We may now complete the proof by induction on the number of derivatives, 
k. Suppose fc = 1. As Wg^Asg is continuous and vanishes on 5, and is 
continuous by the usual implicit function theorem, g is C^'^ , and the lemma 
holds for k = 1. Now suppose that the lemma holds for A: — 1, and that / is 
(jk,s ^ Our inductive hypothesis implies that g is C''~^'^ , and we have proven 
that for any collection / of at most k strata wj^ Ajg will be continuous and 
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vanish on all strata in /. Lemma [7.8| implies that it remains to prove that Vg 
is C'^^^-^ . The implicit function theorem gives us the following formula for Vg, 
where Vr™/ indicates the derivative of / restricted to the M" direction and Vuf 
indicates the derivative of / restricted to the U direction in U x U' . 

V.9 = (Vr./)-^K5)(-V[;/) 

As Vr"/, g and Vc// are all C'^^^'^, the above equation gives that is C'^^^'^, 
therefore g is C^'^ as required. 

□ 

The following is an example of interesting behavior that can happen in a 
fiber product. 

Example 9.5 (A fiber product). 

Consider the map / : Tp — !• T" given by 

Denote by a the mx n matrix with entries a* . The derivative of / is surjective 
if a : M™ — > M" is. Denote by |a| e N the index of A • • • A a" G A"(^™)- 
(In other words, \a\ € N is the largest nonnegative integer so that the above 
wedge is |a| times a nonzero element of /\"(Z™).) The fiber product of / with 
the point (1, . . . , 1) corresponds to the points in Tp so that z" — 1 for all i. 
This is then equal to |a| copies of T^,7^^p where we identify t"'""" = 1'^°''". 

As a simple example, consider f{z) :— z'^ : T — > T. Then /^^ consists of 
the two points z = ±1. The subspace topology on /^^(l) is the trivial topology, 
but the correct topology on this fiber product is the discrete topology. 

This example shows that although A / x g B as a set is equal to the fiber 
product of A with B as sets, A /Xg B as a topological space is not always the 
fiber product of A with B as topological spaces. In contrast, in the special case 
of Z-transversality defined below, A / x g B as a topological space is the fiber 
product of A with B as topological spaces 

Definition 9.6 (Z-transverse). Two smooth (or C'^'^ ) exploded maps 

are "L-transverse if they are transverse and if for every pair of points pi — > 
A and p2 — > B so that f{pi) = g{p2), the Tj-linear span of the image of 
d(/)(^Tpj (A)) with dg{^Tp^{'B)) is a lattice L in ^Ty^p^-jC which is saturated in 
the sense that it is the intersection of a R-linear subspace with '^Tffp^-^C. 

Note that although transversality is generic, the property of Z-transversality 
is not in general generic 

Lemma 9.7. /// and g transverse smooth or C^'^ maps, 

A A C 4^ B 
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then the fiber product A fXg'B exists, and is smooth or C'^'^ respectively. This 
fiber product shares the following properties with fiber products of smooth man- 
ifolds: 

The dimension of A jXgB is the sum of the dimensions of A and B minus 
the dimension of C, and the map A fXg'B — > AxB is an injective map with 
an injective derivative. 

Moreover, if f and g are "L-transverse, then A y Xg B has the topology of a 
subspace o/ A x B, so as a topological space A fXg'B is the fiber product of A 
and B as topological spaces. 

Proof: 

If we can construct fiber products locally in A and B, then the universal 
property of fiber products will provide transition maps for the global construc- 
tion of A / Xg B. We may therefore restrict to the case that A, B and C are 
standard coordinate charts. As the fiber product will be unaffected by consid- 
ering the composition of / and g with an equidimensional submersion of C, we 
may further assume that C = (0, oo)" x T™. We may then specialize further 
by noting the fiber product of the map f /g : AxB — > (0, oo)" x T™ with the 
map sending a point to (1, ... , 1, lt°, . . . , lt°) is the same as the fiber product of 
/ with g. (Note that exchanging these two models does not affect the property 
of Z transversality) . 

We have reduced to the case of considering the fiber product of a map 
TT : X — > M" x T"* with a single point. We may then reduce to the case 
where tt is trivial as follows: Consider the subset of X with tropical part sent to 
the tropical part of our point. There is a bijective equidimensional submersion 
of some x Tp x {C'*y onto this subset of X. (Note that we can't say that 
our subset of X is isomorphic to M" x Tp x (C*)^ as the (C*)'^ factor within 
our subset of X has the trivial topology.) As maps into this subset of X are 
equivalent to maps into x Tp x (C*)'' followed by this map, we may replace 
X with this space for the purposes of calculating the fiber product. Then by 
choosing smaller open subsets of this space which are standard coordinate charts 
and relabeling, we have reduced to the case of a map tt : X — > M" x T™ so 
that the image of tt is 0. This is the point where Z transversality comes in. The 
topology on our fiber product will be the topology given by being a subset of 

X Tp X (C*)"^. Any open subset of the original space X will correspond to 
an open subset of M" x Tp x (C*)'' which is invariant in the (C*)^ direction. 
For the topology as a subset of our original space to match the topology as a 
subset of X Tp x (C*)'^, we require that each (C*)'^ slice contains at most 1 
point of our fiber product. The map it on each (C*)"^ slice is given by monomials 
with exponents determined by the tropical part of the original map, and tt is 
injective on each slice if and only if our map is Z transverse. 

We can now simply even further by restricting to the case; where the; target is 
M". To see that this is no loss of generality, choose an injective equidimensional 
submersion of into the old target M" x T™ with our point the image of 0. 

Any map with image contained in the image of must then factor through 

this map M"+2™ — ^ x T™. The fact that the tropical part of tt is constant 
implies that the tt~^ applied to the image of is an open neighborhood 

of 7r~^(0), so restricting to this open neighborhood, we map factor the map tt 
through this embedding. 

Finally, we have simplified the calculation of the fiber product to the local 
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case of a the fiber product of a map tt : X — > M" with a map of a point to 
S K". Transversality in this case corresponds to dir being surjective. We may 
assume by restricting to an open subset of X if necessary that 7r~-'^(0) contains 
the largest strata in X, then the fact that dn is surjective and tt is trivial imply 
that we can split the standard coordinate chart K. as U x M" where Tr{u, 0) = 
for u in the largest strata in {/ and the derivative of tt in the M" direction 



at these points is an isomorphism. Then if tt is smooth, Lemma 9.3 imp lies 
that in an open neighborhood, 7r~^(0) is smooth, and if tt is C'^'^ , Lemma 9.4 
implies that in an open neighborhood, 7r~^(0) is C'''^. This smooth or 
exploded manifold 7r~-'^(0) has the required universal property that maps to 
7r~^(0) are equivalent to maps to U which when composed with n give 0. We 
have therefore constructed a local model for the fiber product. Note that the 
map of this model into A x B has an injective derivative, and this model has 
the expected dimension. 

The fiber product A / x ^ B can now be described as an exploded manifold 
as follows: As a set, A jXg B is just the fiber product of A and B as sets. By a 
smooth or C'^'^ map to A /Xg B, we shall mean a map F — > A yXg B as sets 
which comes from smooth or C*^'"^ maps /ia : F — !• A and /ib : F — > B so that 
/oft, A = .9°^B- Given any point p G A /X^B, the above local construction gives 
some subset J7 C A ^ x g B containing p the structure of an exploded manifold 
with the following two properties: 

1. The inclusion U C A jXg B is smooth or C*^'* in the above sense, 

2. Given any smooth or C'^'^ map h : F — > A /XgB, the subset h^^{U) C F 
is open and the corresponding map h^^{U) — > U is smooth or C'''^ as a 
map of exploded manifolds. 

Repeating the construction around every point, we can describe A jXg B as 
a topological space using the topology generated by the open subsets of these 
U . In the case of Z-transversality, this agrees with the topology of A j x g B 
as a subspace of A x B, and therefore agrees with the fiber product of A with 
B as topological spaces. Given two subsets U and U' satisfying the above two 
properties, the exploded structure on U U' considered as an open subset of 
U is the same as its exploded structure considered as an open subset of U' . 
Therefore, these U give coordinate charts for A yXg B as a smooth or C'^'^ 
exploded manifold. 

□ 

The following lemma tells us that the tangent space to a fiber product acts 
in the same way as in the category of smooth manifolds. This implies that we 
may orient fiber products in the usual fashion. (See \14\ for a discussion on 
orienting fiber products.) 

Lemma 9.8. // / : A — > C is transverse to g : 'B — > C, then for any point 
(P1jP2) € -A- fXgC, the derivatives of the maps in the following commutative 
diagram 

A/XgB ^ B 

I TTi I g 

A Ac 

give a short exact sequence 

T^PuP.) (A /xg B) ^^^^ T,,A X r,,B T/(,^)C 
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Proof: 

The fact that {dni, (1112) ■ 2^(pi,p2) (-^ f^g — ^ '^pi-^ ^ '^P2^ injective is 
part of Lemma 9.7 The fact that {df — dg) o {dni, d'K2) = follows from the fact 
that / o TTi = 5 o 7r2. The surjectivity of {df — dg) follows from transversality, 
and then the exactness of our sequence of maps follows from the fact proved in 
Lemma |9.7| that the dimension of the middle term in the sequence is equal to 
the sum of the dimensions of the first and last terms. 

□ 



10 Families and refinements 



Definition 10.1 (Family). A family of exploded manifolds over F is a map 
/ : C — >F so that: 

1. f is complete 

2. for every point p — > C, 

df : TpC — > Ty(p)F is surjective 
and df : ^TpC — > ^Ty(p)F is surjective 



(The definition of complete is found on page 22 Recall also that integer 
vectors in ^TpC are the vectors v so that for any exploded function, vf is an 
integer times /. For example on T the integer vectors are given by integer 
multiples of the real part of zjl, so the map T — > T given by P is not a 
family as it does not obey the last condition above.) 

Unlike in the smooth category, smooth families in the exploded category 
need not be locally in the form of a product. For example, there exists a 
smooth family of exploded manifolds which in some coordinate chart is given 
by a map T™ — > Tq given by (z, w) i— )■ z, so long as the the polytope Q is given 
by the projection of P to the first k coordinates, the projection P — > Q is a 
complete map, the projection of each strata of P is a strata of Q, and restricted 
to each strata, the derivative of the projection map applied to integer vectors 
is surjective onto the lattice of integer vectors in the image strata. This may 
differ from a product because P may not be a product of Q with something. 
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Example 10.2 (Moduli space of stable exploded curves.). 

We can represent the usual compactified moduli space of stable curves A^g,n 
as a complex orbifold. There exist local holomorphic coordinates so that the 
boundary of Mg.n in these coordinates looks like {zi = 0}. As in examplejsjon 
page 27 we can replace these coordinates with Zi to obtain a complex exploded 
orbifold Expl {Mg,n)- The forgetful map n : Mg^n+i — > ■^g,n induces a map 

TT : Expl {Mg,n+l) > Expl {Mg,n) 

This is a family, and each stable exploded curve with genus g and n marked 
points corresponds to the fiber over some point p — > Expl (A^g^„). Actually, 
it is proved in 15J that ExplAfg.„ represents the moduli stack of C°°'- stable 
curves. 

Example 10.3 (Model for node formation). 

The following example contains all interesting local behavior of the above 
example. It is not a family only because it fails to be complete (it is not proper) . 
Consider the map 

TT : T2 — > T\ given by tt*z — W1W2 
The derivative is surjective, as can be seen by the equation 
TT* {z~^dz) — w^^dwi + W2^dW2 

The fibers of this map over smooth points z = arc smooth manifolds equal 
to C* considered just as a smooth manifold with coordinates wi and 1x12 € C* 
related by 'Wi'W2 = c. (Note that there is no point with z = Ot'^.) 

In contrast, the fibers of this map over points z = ct^ with x > are 
isomorphic to T^fo x]- 

Lemma 10.4. // vr : C — > F is a family, and f : G — > F is any map, then 
tt' : C TT X / G — > G is a family. 
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Proof: The fact that tt is a family impHes that tt and / are Z-transverse, so the 
fiber product exists, and has the same topology as the fiber product of C and 
G as topological spaces. Therefore tt' is proper. 
We shall now verify that tt' is complete: 



■^(0,0 




C ^Xf G 


— > C 


i 






I TT 


J-[o,i] 


7'^ 


G 


A F 



Suppose that 7 : — > C ^ x j G is a map which when projected to G 
extends to a map of 7' : Tjq — > G. The composition of 7' with / is equal on 
Tjg to the projection of 7 to C followed by tt. As tt is a family, / o 7' may be 
lifted to C on some neighborhood of Tjp C Tjp to agree with the projection 
of 7 to C on ly This then gives an extension of 7 to this neighborhood of 
T^P C Tjp jj . Then reparametrizing gives an extension of 7 to T|q . Therefore 
tt' is a complete map. 



The short exact sequence from Lemma 9.8 



T^p^,p.) (C G) ''""''"'^ Tp^C X Tp^G r,(p,)F ^ 

implies that if cItt is surjective, cItt' must also be surjective. 

The last property that we need to check is that (Itt' (^T(pj j,^)^ ^X/ G) = 
^Tp^G. This is equivalent to the requirement that given any map 

7 : T[_,_,) G 

so that 7(lt") = P2, for small enough e', there exists a map 

7':T[„,,,,)^C.X/G 

so that tt' o j' = 7 and 7'(lt'^) = (pi,p2)- Given such a 7, we may use the 
analogous property for the family tt on the map /07 : Tj_^ — > F to construct 
a map 7 : T^_^, — > C with the property that tt o 7 = / o 7 and 7(li°) = P2- 
Therefore (7, 7) defines our map 7' : Tj_^, — > C x / G so that tt' o 7' = 7 
and 7'(li°) = (pi,p2) as required. Therefore tt' : C jrX / G — > G is a family. 

□ 

Definition 10.5 (Refinement). A refinement o/B is an exploded manifold B' 
with a map f : B' — > B so that 

1. f is proper 

2. f gives a bijection between points in B' and B 

3. df is surjective 

Example 10.6 (Local model of refinement). 

All refinements are locally of the following form: Suppose that the polytope 
P C M™ is subdivided into a union of polytopes with nonempty interior {Pi} so 
that Pi C P are closed and the intersection of Pi and Pj is a (possibly empty) 



56 



face of Pi. Then using the standard coordinates (x, z) on x Tp. for each Pi, 
we can piece the coordinate charts M" x T™. together using the identity map as 
transition coordinates. In these coordinates, the map down to M" x T™ is the 
identity map. 

To see that a given refinement / is locaUy in the above form, restrict to a 
coordinate chart M" x T™ on B. The fact that / is bijective and proper imphes 
that the image of the tropical part of / subdivides P into polytopes Pi which are 
closed sub polytopes of P. The inverse image of the set of points with tropical 
part Pi is an open subset U of B' with tropical part Pi, and the map / restricted 
to this open subset can be regarded as a bijective submersion to E" x Tp. so 
that / : t/ — > Pi is an isomorphism. It follows that / : U — > K" x Tp. is an 
isomorphism, and our refinement is locally of the type described above. 

Note that the above local model implies that if B is basic, a refinement is 
simply determined by a subdivision of the tropical part B. 

The effect of refinement on the smooth part [B] should remind the reader 
of the correpsondence between toric blowups and subdivision of toric fans. For 
example, if B is the refinement of T™ given by subdividing T™ into a toric fan, 
then [B] is the corresponding toric manifold. 

Lemma 10.7. Given any refinement f : B' — > B, and a map g : C — > B, 

the fiber product C := W f x g C is a refinement of C. 

C ^ B' 
i i 
C A B 

Proof: As / is a refinement, / and g are Z-transverse, so the fiber product C 
does exist, and has the topology of the fiber product of B' with C as topological 
spaces. It follows that as / is proper, the corresponding map C — > C is proper. 
Similarly, as / is a bijection, C — > C is a bijcction. Lastly, as argued in the 
proof of Lemma |10.4| above, the short exact sequence from Lemma 9.8 gives 



that the derivative of C — > C is surjective because the df is surjective. □ 

The following lemma follows from the above standard local form for refine- 
ments. 

Lemma 10.8. Given a refinement o/B, 

/ : B' ^ B 

any smooth vector field u on B lifts uniquely to a smooth vector field u on B so 
that df{v) ~ V. 

The above lemma tells us that any smooth tensor field (such as an almost 
complex structure or metric) lifts uniquely to a smooth tensor field on any 
refinement. 

Definition 10.9 (Stable curve). Gall a holomorphic curve stable if it has a 
finite number of automorphisms, and is not a nontrivial refinement of another 
holomorphic curve. Call a map of a holomorphic curve f : C — > B stable if it 
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has a finite number of automorphisms, and it does not factor as C — >■ Co — > B 

where C — Co is a refinement map. 

If B has an almost complex structure, there is a bijection between stable 
holomorphic curves in B and stable holomorphic curves in any refinement B', 
given by the fiber product of curves mapping to B with the; refinement map 
B' — > B. In fact, when the moduli space of stable holomorphic curves in B is 
smooth, the moduli space of stable holomorphic curves in B' is a refinement of 
the moduli space of curves in B. 

Recall that exploded tropical functions f (B) are Ct"* valued functions which 
are locally a finite sum of exploded functions B — > T. 

Theorem 10.10. // an exploded tropical function f G ^(B) is transverse to 
Oi^, then the subset 

/-I (Ot«) C B 

is a codimension 2 exploded submanifold ofB. 

Proof: Given an exploded tropical function / e ^(B), we can construct a section 
Sf of a C bundle over a refinement of B as follows: 

1. On each coordinate chart K" x Tp , the tropical part of / is a convex 
piecewise linear function / on P. The regions of linearity Pi C P oi f 
determine a subdivision of P, which determines a refinement B' of B. 

2. On each coordinate chart U oi H' , / is linear, so wc may choose some 
monomial in coordinate functions w = 1"^" which lias tropical part equal 
to /. To ([/, w), we may assign a coordinate chart U x C on a C bundle 
over B' so that over U, f corresponds to the section Sf = fw~^ oi U x C. 
Transition maps from {U, w) and {V , w') are given by the transition map 
from U to U' combined with multiplication by ww'~^ on the C factor. 
It follows that Sf defines a global section of the line bundle with these 
coordinate charts. 

The exploded function / being transverse to Ot* is equivalent to the section 

Sf being transverse to the zero section, therefore if / is transverse to Ot"^, the 
subset of B where / G Ot"^ is an exploded submanifold of B with codimension 
2. 

□ 

Example 10.11 (Mikhalkin's pair of pants decomposition of a toric hypersur- 
face as an exploded family). 

Let 

aes 

be a tropical exploded polynomial on T", where 5* indicates some finite set of 
exponents in Z", and Ca € C*. For generic choice of Cq, p will be transverse to 
Ot», so 

Zp:=p-^ (Ot«) C T" 
will be an exploded manifold. The tropical part of Zp is equal to the set where p 
is not smooth, which corresponds to the subset of points in where = 
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for some a ^ a' in S. The tropical part of Zp can also be determined by taking 
all polytopes of dimension < n in the dual fan to the Newton polytope of p, 
which is the convex hull of S. 

Let M be the toric space with toric fan dual to the Newton polytope of S, 
and suppose that M is a manifold. Another way of viewing Zp is as follows: The 
zero set Z' of X^ags Cq,z" defines a complex submanifold of AI which intersects 
the toric boundary divisors of M nicely because the Newton polytope of p is 
dual to the toric fan of M. Therefore we can regard Z' as a complex manifold 
with normal crossing divisors given by the toric boundary divisors of M . The 
explosion of Z' is equal to Zp. The map ExplZ' — > Explilf — > T" is an 
isomorphism onto Zp. 

Suppose now that S contains every lattice point in its convex hull. We 
shall construct a family of exploded manifolds which corresponds to Mikhalkin's 
higher dimensional pair of pants decomposition of the toric hypersurface Z' from 
[lOj . This requires choosing a convex function v : S — > Z so that the convex 
hull of the set of points over the graph of v in M" x M has faces which project 
to standard simplices in R" with volume ^. Given such a function, we can 
consider the polynomial 

aeS 

We shall see that the set Zp of noninvcrtibility of p restricted to a subset 
where w is small enough will be an exploded manifold. Our family shall be given 
by the projection of Zp to (an open subset of) Tj given by the coordinate w. The 
set Zp has as its tropical part the points in T} x T" where = )z" 

for some a a' in S. As before, this corresponds to the polytopes of dimension 
< n in the dual fan to the Newton polytope of p although in this case we 
have to intersect this dual fan with the half space x T" - the upshot of 
this is that we get the polytopes of dimension < n in the dual fan to the 
convex hull of the set of points over the graph of v. The edges of Zp which are 
in the interior of T} x T" are in correspondence with the downward pointing 
faces of the Newton polytope of p. These downward pointing faces project to 
standard lattice simplices in Z" with corners ao . . . a„ which an invertible afhne 
transformation of Z" can transform to and the standard basis vectors. Over 
such an edge, p reduces to X]r=o Cq. . Similarly, restricted to the interior 

of T} X T", over the interior of any k dimensional face of Zp the polynomial 

p reduces to X]"=!o^ CaiW^^^^^z"^ where the can be transformed using an 
invertible affine transformation of Z" to and the first (n + 1 — fc) standard 
basis vectors. 

It follows that when w is sufficiently small, p will be transverse to 0, and the 
map w : Zp — > T} will be a family of exploded manifolds because p restricted 
to the slices where w is constant is transverse to Oi^. As this transversality fails 
in real codimension 2 and w is also a family around w = It*^ we may choose a 
connected open subset F C T} containing both lt° and li^ so w : Zp — > T\ 
restricted to F is a connected holomorphic family of exploded manifolds. The 
inverse image of li° is our original exploded manifold Zp obtained by exploding 
a toric hypersurface. The inverse image of It^ corresponds to Mikhalkin's pair 
of pants decomposition of this hypersurface. Because of the standard form of p 
mentioned in the previous paragraph, each maximal dimensional strata of the 
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smooth part of 'w~^{lt^) can be identified with the subset {zi + Z2 ■ ■ ■ + Zn — 
1} C (C*)", which is equal to CP"~^ minus n+1 generic hyperplanes - in other 
words a higher dimensional pair of pants. Moreover, the closure of each maximal 
dimensional strata is equal to CP"^^ where the lower dimensional strata are 
given by these hyperplanes and their intersections. 

11 Moduli stack of exploded curves 

We shall use the concept of a stack without giving the general definition. (See 
the article [2^ for a readable introduction to stacks). The reader unfamiliar 
with stacks may just think of our use of stacks as a natural way of encoding 
information about families of holomorphic curves. 

When we say that we shall consider an exploded manifold B as a stack, we 
mean that we replace B with a category S (B) over the category of exploded 
manifolds (in other words a category S (B) with a functor to the category of 
exploded manifolds) as follows: objects in S (B) are maps into B: 

A >B 

and morphisms are commutative diagrams 

A — ^ B 
I 4, id 

C ^ B 

The functor from S (B) to the category of exploded manifolds is given by sending 
A — > B to A, and the above morphism to A — > C. 

Note that maps B — > D are equivalent to functors S (B) — > S (D) which 
commute with the functor down to the category of exploded manifolds. Such 
functors are morphism of categories over the category of exploded manifolds, 
and this is the correct notion of maps of stacks. 

For example, a point thought of as a stack is equal to the category of exploded 
manifolds itself, with the functor down to the category of exploded manifolds 
the identity. We shall refer to points thought of this way simply as points. 

We shall define the moduli stack of C°°'- curves below. The regularity 
C°°'- is used because that is the natural regularity that the moduli space of 
holomorphic curves has in the case of transversality. Similar definitions can be 
made using smooth instead of C°°'-. In what follows, all morphisms will be 
assumed C°°'-. In particular, S (B) will refer to B considered as a stack using 
the category of C°°'- exploded manifolds. 

Definition 11.1 (Modufi stack of C°°'i curves). The moduli stack M'^^B) 
of C°°'- exploded curves in B is a category over the category of C'°°'- exploded 
manifolds with objects being families of C°°'- exploded curves consisting of the 
following 

1. A C°°'i exploded manifold C 

2. A pair of C°°'- exploded morphisms 



60 



TT I 

F 

3. A C°°'i section j o/ker(d7r) (g) (T*C/7r* (r*F)) 
so that 



i. TT : C — > F is a family (definition 10.1 on page 54). 



2. The inverse image of any point p €z F is an exploded curve with complex 
.structure j . 

A morphism between families of curves is given by C°°'- morphisms f and 
c making the following diagram commute 





- Ci — 


^ B 


;/ 


I c 


;id 


F2 ^ 


- C2 — 


> B 



so that c is a j preserving isomorphism on fibers. 

The functor down to the category of C°°'- exploded manifolds is given by 
taking the base F of a family. 

Note that morphisms are not quite determined by the map / : Fi — > F2. 
Ci is non-canonically isomorphic to the fiber product of C2 and Fi over F2. 



This is a moduh stack in the sense that a morphism S (F) — > A4°°--{'B) is 
equivalent to a C°°'- family curves F — C — > B (this is the family which is 
the image of the identity map F — > F considered as an object in S (F)). 

Recall that a holomorphic curve C — > B is stable if it has a finite number 
of automorphisms, and is not a nontrivial refinement of another holomorphic 
curve. (If B is basic, this is equivalent to all smooth components of C which 
are mapped to a point in [B] being stable as punctured Riemann surfaces.) 

Definition 11.2 (Moduli stack of stable holomorphic curves). Given an almost 
complex structure J on B, a C°°— family of stable holomorphic curves in B is 
a C°°'- family of curves so that the map restricted to fibers is holomorphic and 
stable. The moduli stack of .stable holomorphic curves in B is the substack 
A^(B) C A^°°'-(B) with objects consisting of all families of stable holomorphic 
curves, and morphisms the same as in A4°°'-. 

It is useful to be able to make statements about holomorphic curves in 
families, so we generalize the above definitions for a family B — > G as follows: 

Definition 11.3 (Moduli stack of curves in a family). The moduli stack of C°°'- 
curves in a family B — > G, Ai°°'-(B G) is the substack o/A^°°-(B) which 
is the full subcategory which has as objects families which admit commutative 
diagrams 

(C,j) B 

i i 
F — ^ G 



61 



The moduli stack of stable holomorphic curves 7W(B — )■ G) is then defined 
as the appropriate substack of A4°°'-(B — G). Note that there is a morphism 
M°°^B G) — >S (G) which sends the object given by the diagram above 
to F — > G. The appropriate compactness theorem for families states that if 
we restrict to the part of the moduli space with bounded energy and genus, the 
map A1(B — )• G) — > S (G) is proper. 

We can put a topology on S (B) and A4°°'- as follows: Consider the set of 
points in A^°°'i(B), or (isomorphism classes of) maps from a point considered 
as a stack to M°°'^B), 

S (p) ^ M°°'H'B) 

A map such as the one above is equivalent to a single C°°'i curve in B which is 
the image of p considered as an object in S (p). Therefore the 'set of points' in 
A^°°'i(B) corresponds to the set of isomorphism classes of C°°'- curves in B. 

The set of points in S (B) is equal to the set of points in B, so we can give the 
set of points in S (B) the same topology as B. Below, we define a topology on 
this set of points in M°°'-{'B) by defining convergence of a sequence of points. 
This topology will be non-Hausdorff in the same way as the topology on B is 
non-Hausdorff. 

Definition 11.4 (C°°'i convergence of a sequence of curves). A sequence of 
C°°'i curves 

f :C' — >B 

converges to a given curve 

if there exists a sequence of C°°'l families 

F^(C,j,) Ab 
and a sequence of points p^ in F so that 

1. this sequence of families converges in C°°'- as a sequence of maps to 

F^(C,i) Ab 

2. p^ ^ p inF 

3. is the map given by the restriction of to the fiber over p^, and f is 
given by the restriction of f to the fiber over p. 

A sequence of points converge inAd"^'- if the corresponding sequence ofC°°'- 
curves converges. 

We say that a sequence of points in M°°'-{B — > G) converge if they converge 
in A^°°'i(B). Similarly, define the topology on the set of points in c M.°°'- 
to be the subspace topology, so a sequence of holomorphic curves converge if 
they converge as C°°'- curves. 
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For compactness results about A^(B), see [T3]. For further discussion of the 
structure of 7W(B) and Al°°^i(B), see [15]. 

A Open subsets of exploded manifolds are ex- 
ploded manifolds 

Lemma A.l. Any open subset ?7 C B of an exploded manifold is an exploded 
manifold. In particular, given any point p €z U , there exists an open neighbor- 
hood U' of p contained inside U which is isomorphic to M" x T™. 

Proof: As any exploded manifold is locally isomorphic to M" x Tp, we may 
restrict to the case that U is an open subset of M" x Tp . Recall from example 



3.8 on page 19 that the topology on M" x T™ can be described as follows: Choose 



a basis {Ci, ■ ■ • , Cm'} for the set of smooth monomials on T™ . Then any open 
subset t/ C M" X T^ is of the form 

f/:={(x,Ci,...,Cm')en 

where V C M" x C™ is an open subset, and smooth exploded functions are of 
the form 

/(x, Ci, . . . , Cm')t"5" for / e C°°(M" X C'"', C*) 

We shall use the fact that Tp is isomorphic to a subset of Tp where all the 
Ci are small. An isomorphism can be constructed as follows: Use coordinates 
Zk = e^'^^^^'^i"-'' , and consider the vector field v given by 



j k=i 



2 ^.3 JL 

drk 



■3\ "fc 



where Q = [t"z"^] . (This is vector field v is half the gradient of the the smooth 
function W :— using a metric where {gf^, gf^} s-re an orthonormal 

basis.) For any point p £ T™ , if p is in the interior of P, then Cj{p) — for a-U j- 
If p is not in the interior of P, given any vector Tp pointing into the interior of P, 
if Cj{p) 7^ 0; then • > because the tropical part of the monomial used to 
define Q is positive on the interior and at p. It follows that X]fc(^p)fef^ > ^ 
where > 0. Therefore, the smooth gradient vector field v defined above is non 
vanishing where W ^ Q and vW > when W > 0. Therefore, by multiplying v 
by a smooth function /, we may achieve the following: 



fvW :-- 



where W < j 
where W > ^ 



Theorem 
the set w 



6.9 



2 

implies that the flow of fv for time - is an isomorphism from the 



lere < e to Tp . This completes the proof of the claim that Tp is 
isomorphic to a subset where the Cj are small. 

Suppose that at the point p, Q = ioi i £ I and Cj 7^ for j ^ /. Using the 
notation Q — where Cj = i"'z"^ , consider the face F <Z P defined to be the 
set where Cj = for all j ^ /. This face F is the face which contains p in its 
interior. By changing coordinates, we may assume that 
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• F is the intersection of P with the coordinate plane on which the first I 
coordinates of M™ vanish, where the dimension of F is to — Z 

• P is contained in the quadrant of where the first I coordinates are 
nonnegative. 

A neighborhood of p contained in U will be isomorphic to R"+^' x T™~'. 
For now, identify coordinates on T^~' with the last m — I coordinates on T™, 

and choose a generating set for the smooth monomials on T™~'. 

Let (/>i be a diffeomorphism of M"+^' onto a small ball in M" x (C*)', and 
let 02 be an isomorphism of T™~' onto an open subset of T™~' where \C,[\ 
is small. Then by identifying coordinates on T™~' with the the last (to — I) 
coordinates on K" x Tp , and identifying the remaining coordinates on the subset 
of M" X T'^' with tropical part F with M" x (C*)' ( if Zi iov i < I is the ith 
coordinate on T™, use \zi\ as the ith coordinate of (C*)'), we can combine 
these two isomorphisms into a smooth map 

:= X 02 : X T^"' ^ M" x 

The image of is an open subset of K." x Tp which we can choose to contain 
our point p, and be contained in U . 

It remains to show that the inverse map, is also smooth. To check 
this, we shall check that composed with any smooth exploded function on 
]gn+2; ^ Xp~' is a smooth exploded function on our open subset of M" x Tp . The 
composition of 4>~^ with any smooth exploded function is a monomial in z times 
a smooth C* valued function of the C' and of 0"-'^ composed with coordinates on 
K"+^'. It therefore suffices to check that Q is smooth and composed with 
any coordinate on M"+^' is smooth. Let Zi be one of the first I coordinates of 
Tp. As Zi is < t'' on Tp, \zi \ is smooth. Therefore, any smooth function of 
M" X (C*)' considered as a smooth function of the M" times the first I coordinates 
of Tp is smooth. It follows that composed with any coordinate function of 
]^n+2/ jg smooth. Using the notation (,[ = [C^'] , we can multiply C^' by a product 

of powers of the first I coordinates on Tp so that C^^" < t° on P. Therefore, 

[C-z"] is a smooth function on Tp. Restricted to our subset (where z" = 0), 
[z"] is a smooth C* valued function, so \z~°'] is also smooth, and therefore, 
Ci = rCi^"! [^""1 is smooth. Therefore is smooth and cj) is our required 
isomorphism. 

□ 
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